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Abstract 

In this paper we prove global bounds on the spatial gradient of viscosity solutions to second 
order linear and nonlinear parabolic Cauchy problems in (0,T) x M.^ . Our assumptions include 
the case that the coefficients be both unbounded and with very mild local regularity (possibly 
weaker than the Dini continuity) , the estimates only depending on the parabolicity constant and 
on the modulus of continuity of coefficients (but not on their L°°-norm). Our proof provides the 
analytic counterpart to the probabilistic proof used in Priola and Wang |PW06j (J. Funct. Anal. 
2006) to get this type of gradient estimates in the linear case. We actually extend such estimates 
to the case of possibly unbounded data and solutions as well as to the case of nonlinear operators 
including Bellman-Isaacs equations. We investigate both the classical regularizing effect (at time 
t > 0) and the possible conservation of Lipschitz regularity from t = 0, and similarly we prove 
global Holder estimates under weaker assumptions on the coefficients. The estimates we prove for 
unbounded data and solutions seem to be new even in the classical case of linear equations with 
bounded and Holder continuous coefficients. Finally, we compare in an appendix the analytic 
and the probabilistic approach discussing the analogy between the doubling variables method 
of viscosity solutions and the probabilistic coupling method. 
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A. PORRETTA AND E. PRIOLA 



1. Introduction 

It is well known that the bounded solution u{t,x) of the heat equation in M"^, even if it is 
only bounded at time t = 0, becomes Lipschitz as soon as t > with a global Lipschitz bound 
of the type \\Du{t,-)\\oc < 

In this paper we prove a similar global gradient bound for solutions of the Cauchy problem 
concerning both linear and nonlinear parabolic operators. In particular, our main goal is to 
obtain this global gradient estimate independently of the L°°-bounds of the coefficients of the 
operator but only depending on their modulus of continuity. In case of solutions of linear 
diffusions, such bounds are well-known whenever either the coefficients are uniformly continuous 
and bounded (see |St74j ) or the coefficients are unbounded but at least with a suitable 
control on the derivatives (see jEL94j . [UiM] . [L98] . [UeOT] . |BF04j . [KLLlOj and the references 
therein). Note that linear parabolic equations with unbounded coefficients also arise in some 
models of financial mathematics (see, for instance, |HR98j and the references therein). Recently, 
in |PW06j E. Priola and F.Y. Wang obtained uniform gradient estimates when the coefficients 
are unbounded and singular at the same time. More precisely, they proved that the uniform 
estimate 

(1-1) ||Z)'u(t,-)||oo < ^^ll^^olloo, t>0, 

holds for the diffusion semigroup solution u = PtUo of the Cauchy problem 

N N 



dtu — Alu) = in (0, T) x ir^ , , v-^ , ^ ^9 , , s 

only assuming that qij and 6j are continuous and that q{x) is elliptic, more precisely if 

(1.3) q{x) = \I + a{xf, x G M^, 

for some A > and some symmetric N x N matrix (t{x) satisfying, jointly with the drift b{x), 
the following condition: 

(1.4) \\a{x)-a{y)f + {b{x)-b{y))-{x-y)<g{\x-y\)\x-y\, x,y eR^,0<\x-y\ < 1, 

for some nonnegative function g such that Jq g{s) ds < oo. In this case, the constant K in 
(jl.ip only depends on A and g. Observe that, when 6 = 0, this is a slightly weaker assumption 
than asking cr{x) to be Dini-continuous. Moreover, both the diffusion and the drift could be 
unbounded, in particular b could be the gradient of whatever concave C^-function (as in standard 
Ornstein-Uhlenbeck operators). 

The proof of the result in |PW06j stands on probabilistic arguments and relies in particular 
on the extension to the case of non locally Lipschitz coefficients of the coupling method for 
diffusions (see e.g. |LR86j . |CL89j . |Cr91| . |Cr92| ). Possible extensions of this regularity result 
to infinite dimensions in the setting of [DZ02] are given in [WZlOj . 

The aim of our work is twofold. On one hand we give a new proof, using entirely analytic 
arguments, of the result by Priola and Wang; the only difference here is that, in place of the 
assumption that the underlying stochastic process is nonexplosive, we assume directly the ex- 
istence of a smooth Lyapunov function, which is a stronger condition though more adapted to 
our analytical approach. On the other hand, we extend the same result in two main features, 
including in our results both the case of unbounded data and solutions (as well as possibly larger 
classes of unbounded coefficients) and the case of nonlinear operators. Further minor improve- 
ments with respect to [PW06j concern the fact that we consider time dependent coefficients or 
the case of Holder estimates or unbounded potentials (see e.g. Theorem 13. 12|) . 
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In order to allow for unbounded data and solutions, we review the gradient bound by 
distinguishing two main steps in the a priori estimate. In a first step, one obtains a global 
gradient bound depending only on the oscillation of the solution u (see Theorem 13. 3p . In a 
second step, one looks for conditions which allow to estimate the oscillation of u. In case of 
bounded data, the second step is easy since solutions turn out to be globally bounded. However, 
it is also possible to consider unbounded data, though yet with bounded oscillation, and prove 
that solutions have bounded oscillation as well, and then, by the first step, be globally Lipschitz 
for t > 0. Let us stress, however, that this latter estimate on the oscillation of u requires (jl.4p 
to hold for every x,y G M''^ and a linear growth assumption on the function g at infinity is 
required. 

Moreover, recall that our estimates rely on the assumption that a Lyapunov function ip exists 
for A, which may implicitly be linked to a compatibility condition in the growth at infinity of 
the drift and diffusion coefficients. For instance, the requirement that (p{x) = 1 + |xp, x G M^, 
is a Lyapunov function for A corresponds to the hypothesis 

(1.5) Tr{q{x))+ b{x)-x<Cil + \x\^), x G M^, 

for some C > 0. 

In order to fix the ideas, our global result in the linear case (at least when the equation has 
no source terms and coefficients are independent on time as in ()1.2p ) reads as follows: assume 
lll.3\) and that (T^P holds true for every x,y e M^, where g G L^(0, 1) H C(0, +oo), g{r)r — ;> 
as r — )• 0"^ and g{r) = 0{r) as r ^ +oo, that a Lyapunov function ip exists satisfying and 
that tio G C(M^) satisfies 

\uo{x) - uo{y)\ < ko + ki\x -y\+ ka\x - yl" , x,y € R^, 

for some a G (0,1) and ko,ka,ki > 0. Then any viscosity solution u G C([0,T] x M^) of 
the Cauchy problem lil.2\) such that u = o{f) as \x\ — )• oo (uniformly in [0,T]) satisfies that 
u{t) = u{t, •) is Lipschitz continuous for t G (0,T) and 

(1-6) \\Du{t)\\^ < ct{^^ + + h}, 

WtAl (tAl)— J 

for some ct, possibly depending on a,X and g. 

We refer the reader to Sections 3.2 and 3.3 for more general results of this type (see Theorem 
I3.12^ Lemma 13.191 and Theorem 13. 24p . Due to the fact that uq can be unbounded the previous 
result seems to be new even in the classical case of linear equations with bounded and Holder 
continuous coefficients (note that, in particular, if fco = fca = the above estimate ()1.6p implies 
that unbounded Lipschitz data, as uq = yield globally Lipschitz solutions). We also mention 
that the same approach is used to get Holder estimates, in which case we relax the assumptions 
on the coefficients (the function g needs only satisfy g{r)r — )• as r — )• 0"*") including, for instance, 
merely uniformly continuous coefficients in the diffusion part. 

The extensions of the previous results to nonlinear operators include both the case of Bellman- 
Isaacs' type operators, namely sup or inf (sup) of linear operators, which arise naturally from 
stochastic control problems as well as from differential game theory (see e.g. [KrSOj . |FS06j . 
[DL06j . |Ko09j ). and the case of operators with general nonlinear first order terms, including 
possibly superlinear growth in the gradient. Similar extensions are possible since we prove the 
Lipschitz bound in the framework of viscosity solutions (this notion also generalizes, in the linear 
case, the notion of probabilistic solution, see |FS06j ). combining the method introduced by I. 
Ishii and P.L. Lions ( |IL90j ) with the coupling idea used in |P W06j . The Ishii and Lions method 
is by now classical to obtain gradient bounds for viscosity solutions though mainly used in 
bounded domains or for local estimates (see e.g. |Ba91j . |Ba08j . |Ch93| and references therein). 



4 



A. PORRETTA AND E. PRIOLA 



Assumptions on the coefficients like p.4p (see also the nonlinear generalization in Hypothesis 
I4.ip are close to typical hypotheses imposed to get local Lipschitz regularity in the viscosity 
setting (e.g. in the above quoted papers). The main novelty here consists in getting global 
Lipschitz estimates on for possibly unbounded coefficients. To this purpose our assumption 
(see Hypothesis 14. ip takes into account both the possible dissipation at infinity of the drift 
term b and the minimal (local) regularity of the coefficients. In this respect, we mention that 
p.4p gives a slight improvement, at least in the model linear case, of the assumptions used in 
[IL901 Section HI.l] to get local Lipschitzianity (see also Remark 14.31 and |Ba9H Section HI.l] 
for similar improvements). Let us point out that some dissipation condition on the drift term is 
somehow necessary when this is unbounded. A counterexample in this sense is given in jBF04] . 
even in the linear case and for C^-coefficients. 

We give, for nonlinear equations, similar results as those mentioned before for the linear case. 
Let us notice that, in the viscosity solutions approach, it is quite clear that a general gradient 
estimate should depend firstly on the oscillation of u, while this latter one is related to the 
growth of the solution and the initial data (see |GGIS9lj for an approach of this type) . To get 
rid of the infinity, again we require the existence of a Lyapunov function satisfying a (possibly 
strong) condition as supersolution. In this way we obtain estimates and regularity results for 
viscosity solutions which are possibly unbounded, with the only condition that their growth 
be dominated by the Lyapunov function's growth. Unfortunately, in the nonlinear case the 
existence of such a Lyapunov function remains as an implicit condition (see Hypothesis 14. 4p 
to be possibly checked on the particular examples of equations. At the end of Section 4, we 
give simplified, more readable versions of this condition in at least two cases; both for the case 
of Bellman-Isaacs operators and for the case of operators with linear second order part and 
nonlinear first order terms. In particular, our result for Bellman-Isaacs equations of the type 

(1.7) SfU-Finf sup {-tv {qa,i3{t,x)D'^u) - ba,i3{t,x) ■ Du - fa,i3it,x)} = 

reads very similar as in the linear case (see in particular Corollarv I4.19p . We obtain indeed an 
estimate like p.6p by requiring that the coefficients qa,p{t,x) and ba,i3{t,x) satisfy hypotheses 
p.3p and (jl.4p uniformly with respect to t E (0,T), a, /3 and that a Lyapunov function exists, 
again uniformly in a, /?. It should be noticed that in some examples, if the coefficients have 
a controlled growth at infinity, Lyapunov functions with polynomial growth at infinity can be 
constructed at hand (see e.g. |BBBL03] ). For example, in case of Bellman- Isaacs operators, 
(/9=l-|-|xpisa Lyapunov function provided (as in (jl.Sp ) 

tr(Qa,/3(t,2;)) + 6a,/3(t,x)-x<C(l-h|rEp) (t,x) G (0,r) X M^, aeA,(3eB. 

Of course, the Lyapunov function condition is no more needed if one is only interested in local 
Lipschitz estimates (see Theorem 14. 20p . Moreover, we point out that the continuity assumptions 
made on the coefficients, see e.g. (jl.4p . are far beyond the assumptions currently used for the 
comparison principle of viscosity solutions to hold. Therefore, the Lipschitz, or Holder estimates 
proved, allowing for local compactness in the uniform topology, can also be used to obtain the 
existence of continuous viscosity solutions (possibly globally Lipschitz for t > 0), whereas the 
Perron's method is not usable since the comparison principle is missing. 

Last but not least, revisiting the method of |IL90j we also show the common denominator 
which exists between the probabilistic coupling method and the analytic approach to such gradi- 
ent estimates, which we closely compare in Section[X]in the model linear case. Indeed, when the 
doubling variables method of viscosity solutions is specialized to linear diffusions, it offers a truly 
analytic counterpart of the probabilistic approach; this latter one, in turn, gives an interesting 
interpretation of the viscosity techniques in terms of coupling of probability measures. Although 
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the links between the viscosity sohitions theory with stochastic processes are well known, espe- 
cially in the theory of controlled Markov processes (see e.g. |Kr80j and |FS06j ). it seems that 
a direct comparison between the coupling method and the doubling variable technique was not 
addressed before, and may be interesting in itself. 

The plan of the paper is the following. We start with some notations and preliminary notions 
about viscosity solutions in Section [2J In Section [3] we deal with the linear case, offering, in 
particular, an analytical proof of the main result of |PW06j . Section H] contains the extension to 
nonlinear operators and further comments. Let us stress here that our approach can be extended 
to deal with more general quasilinear operators, but we have chosen to postpone this extension 
eventually to future work, in order to avoid an increasing number of technicalities. Finally, 
Appendix [X] is devoted to a possible comparison between the probabilistic and the analytical 
approach, which we hope be of some interest to experts of different techniques. In particular, 
restricting to the linear case, we rephrase the viscosity solutions approach in a form which is 
closer to the probabilistic coupling method. 

2. Preliminaries and notations 

In the following, we set Qt = (0, T) x and indicate by Qt its closure. We denote by C{Qt) 
the set of real continuous functions defined on Qt and by C^''^{Qt) the subset of functions which 
are in t and in x. Uu £ C{Qt) we often set u{t) = u{t,-), t £ {0,T). By Tyi'°°(M^) 
we denote, as usual, the set of real Lipschitz functions on M^; for / G VF"^'°°(R^), ||/||oo is the 
supremum norm of / on and Lip(/) the smallest Lipschitz constant of /. 

Given a function v : I x — >• M, where / C M is an interval, we say that v has bounded 
oscillation in / if 

(2.1) oscj{v) = sup \v{t, x) — v(t,y)\ < +00. 

x,3/eK^, \x-y\<l,tel 

If the function v only depends on x, we will omit the subscribe I. It is easy to see that v has 
bounded oscillation if and only if there exists 6q € (0, 1] such that 

(2.2) oscjj^{v)= sup \v{t, x) - v{t,y)\ < +00 

x,y£R^, \x-y\<So,teI 

(note that oscj^ i {v) < j^oscj^ Sq {v)). The sum of a bounded function and a uniformly continuous 
one is an example of function having bounded oscillation. Functions with bounded oscillation 
have always at most linear growth in x (uniformly in t). In particular, v has bounded oscillation 
if and only if 

(2.3) \v{t,x)-v{t,y)\<kQ + ki\x-y\, x,y,eR^,teI, 

for some constants /cq, ki > 0. Note that this inequality is not restricted to x, y such that 
1^; — 2/1 < 1. However, one can easily show that ()2.ip implies ()2.3p with k^ = ki = oscj(v); and 
conversely, ()2.3p obviously implies ()2.ip . 

In the sequel, given two functions tp, v : [0, T] x — >■ M, we will write that v = o{^) in Qt 
if, for any e > 0, there exists Q > such that |7;(t, x)| < eip{t,x), for |x| > C^, t G [0, T]. 

Given two non-negative symmetric N x N (real) matrices A, B, we write ^ > i? if • ^ 
> ■ ^, for any ^ E (• denotes the inner product and | • | the Eucliden norm in M^). 
Moreover, we always indicate with ||^|| the Hilbert-Schmidt norm of a matrix A, defined as 
ll^ll = ^Tr (AA*) (here A* denote the adjoint or transpose matrix of A). 
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Let US briefly recall the notion of viscosity solution (in the standard continuous setting) for a 
general parabolic fully nonlinear equation 

(2.4) dtu + F{t,x,u,Du,D'^u) = 

where F{t, x, u,p, X) is a continuous function of {t, x) G Qt, G K, p G M^, X G Sn, being Sn 
the set of symmetric N x N matrices. 

By USC{Qt) and LSC{Qt) we denote the sets of upper semicontinuous, respectively lower 
semicontinuous, functions in Qt- Given a point (to)^o) £ Qt, we denote by PQ^u{to,xo) the 
set of "generalized derivatives" {a,p,X) G M x x Sn such that 

u{t, x) < u{to, xq) + a{t - to) + p ■ {x - xo) + ^^{^ - xq) ■ {x - xq) + o{t - to) +o{\x - xop) 

as {t, x) G Qt and t ^ to, x ^ xq. 
The set PQ~u{to, xo) is the set of {a,p,X) satisfying the opposite inequality. Note that 

(2.5) P^';uito,xo) = -P^'+i-u){to,xo). 

Of course, PQ^u{to,xo) as well as PQ~u{to,xo) are reduced to the unique triplet {dtu{to, xo), 
Du{to, Xo), D'^u{to,xo)) whenever u G C^''^{Qt), by simply applying Taylor's expansion. More- 
over, for any i{j G C^''^{Qt) and any (to,xo) G Qt such that u — Tp has a local maximum 
(respectively, a local minimum) at {to,xo) we have that {dtip{to,xo), D7p{to,xo), D'^ip{to,xo)) 
belongs to Pq^ u{to,xo) (respectively, to Pq^ u{to,xo)). Finally, the set PQ^u{to,xo) is defined 
as containing limits of elements of Pq^ u{tn, Xn) whenever (t„, x„,) G Qt, tn ^ to, Xn ^ xo and 

2 

u{tn,Xn) — )• u{tQ,Xo) (and similarly for PQ^u{tQ,xo)). We refer to the key-reference |CIL92j for 
more details and comments. 

Definition 2.1. A function u G USC{Qt) is a viscosity subsolution of ^2.4^ if for every 
{to,xo) G Qt, we have 

a + F{to,xo,u{to,xo),p,X) < 0, {a,p,X) G P^;^u{to,xo) . 

A function u G LSC{Qt) is a supersolution if, for every {to,xo) G Qt, we have 

a + F{to,xo,u{to,xo),p,X) > 0, {a,p,X) G Pq^ u{to,xo) ■ 

A continuous function u G C{Qt) is a viscosity solution of \2.4^ if it is both a subsolution and 
a supersolution. 

By the above remarks, one can alternatively define a viscosity subsolution (respectively, su- 
persolution) requiring that for any i/j G C^''^{Qt) and any {to,xo) G Qt such that u — tp has a 
local maximum (respectively, a local minimum) at {to,xo) we have 

^t^p{to, Xq) + F{to, Xo, u{to, Xo), D'ii){to, xq), D'^%lj{to,xo)) < 

(respectively, dtip{to,xo) + F{to,xo,u{to,xo), Dt(;{to,xo), D'^tl;{to,xo)) > 0). Moreover, thanks to 
the continuity of F, the inequalities required in the above definition remain true for elements of 

2 + 2 — 

PQ^u{to,xo) (respectively, PQ^u{to, xo)) in case of subsolutions (respectively, supersolutions). 

We remind that such a formulation is consistent (i.e., classical solutions u G C^''^{Qt) are 
viscosity solutions) provided F{t, x, u,p, X) is nonincreasing with respect to the matrix X G Sn, 
namely F{t, x, u,p, X) > F{t, x, u,p, Y) whenever X <Y (using the order relation of symmetric 
matrices). Such an assumption corresponds to a (possibly degenerate) ellipticity condition. 
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Remark 2.2. We work for simplicity of notation only on Qt- However all the results can be 
easily extended to the case in which Qt is replaced by the more general domain Qs,t = [-s, T] x 
M^, with s < T. Indeed if f G C{Qs,t) is a viscosity solution to (j2.4p on Qs,t then introducing 
u{t, x) = v{t + s, x) we get a viscosity solution on Qt-s for dtu +F{- + s, x, u, Du, D'^u) = 0. In 
addition, for example, gradient estimates for u like \\Du{t, ■)\\(yo < ^ IK(0; OIloo, t € (0,T — s) 
(cf. Corollary Sm and Theorem [53]) become \\Dv{t,-)\\oo < OIU, * G {s,T). k\\ the 

regularity results in the paper concerning viscosity solutions u on Qt can be transferred in an 
obvious way to viscosity solutions v on Qs,t for the corresponding "translated in time" parabolic 
equations. 

Let us explicitly recall the following fundamental result, which is a special case of |CIL921 
Theorem 8.3]. 

Theorem 2.3. Let Ui, i = 1, . . . ,k, be real continuous functions on Qt- Assume that, for any 
i = 1, . . . ,k, either Ui is a suhsolution or —Ui is a supersolution to the parabolic equation ^2.4\ )- 
Let z{t, xi, . . . , Xk ) be a C'^'^ -function on (0,T) x (M^)*^ such that the mapping 

Ui{t,Xl) + . . . + Uk{t,Xk) - z{t,Xi, . . . ,Xfc) 

has a local maximum in {i,xi, . . . ,Xk) E (OjT") x [M.^)^. 

Then, for every n > there exist matrices X, S Sn and ai E M, such that 

ai + . . . + Ofc = dtz{t,xi, ...,Xk), {ai,Dx^z{t,xi, . . .,Xk),Xi) G PQ^Ui{t,Xi), 

/ X, ... \ 

(2.6) -in + CN\\A\\)L < \ \ < A + - A"" 

V ... Xk) 

where A = D'^z{t,xi, . . . ,Xk) (and the constant c^ appears since we are using the Hilbert- 
Schmidt norm of A). 

Remark 2.4. If Uj were regular, then Oi = dtUi{t,Xi), DxiU{t,Xi) = Z)^.2:(t, xi, . . . , Xfc), Xi = 
D'^Ui{t,Xi), and the above relations are consequence of usual conditions on local maximum 
points. The remarkable fact (see |CIL92j ) is that the lemma holds for semicontinuous functions, 
and gives the possibility to use the viscosity formulation of subsolution. 

3. Linear equations 

3.1. The main gradient estimate in terms of the oscillation of the solution. In this 
section we deal with the linear equation 

(3.1) dtu — tv (^q{t,x)D'^u) — b{t,x) ■ Du = h{t,x) in Qt- 

Throughout the whole Section[3l we will always assume the following basic continuity hypothesis. 

Hypothesis 3.1. We suppose that q{t,x) = {qij{t,x)) is a symmetric matrix depending con- 
tinuously on {t,x) G Qt, b{t,x) is a continuous vector field defined on Qt with values in M.^ , 
and h : Qt — s- M is a continuous function. ■ 

We also suppose that the matrix q{t, x) satisfies the parabolicity (or ellipticity) condition 

(3-2) q{t,x)^-C>X\^\^, {t,x)€QT, ^ G K^, 

for some A > and that the following condition (existence of a Lyapunov function) holds: 

(3.3) 3 ^ G C^^HQt) , Af > : ''^ + J^' ^ 

I ip{t,x) — )■ +00 as \x\ — )• oo, uniformly in t G (0,T), 
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where we have set 

(3.4) At{u) = tr {q{t, x)D^u) + b{t, x) ■ Du. 

Remark 3.2. There is no loss of generahty if one requires that (j3.3|) is satisfied with M = 0, 
since we can always replace ip with e^'^^ip. Thus, ()3.3p is actually equivalent to 

(3.5) 3^eC^'^(QT) : |^;(^\^^*^' (*'-)^^^' 

\ip{t,x) — )• +00 as \x\ — )■ oo, uniformly in t G [0,T]. 

Moreover, possibly adding a constant to y?, we may suppose that 99 > 0. 

Following |PW06j . for any A such that ()3.2p is satisfied we denote by a{t,x) the symmetric 
N X N nonnegative matrix such that 

(3.6) o-^(t, x) = q{t, x)-XI, (i, x) G Qt- 

Note that a{t,x) actually depends on A but for simplicity we drop in our notation this depen- 
dence. 

Theorem 3.3. Assume that i3.2\) . \3. 3)) hold true, and, in addition, that there exists a nonneg- 
ative g £ C{0, 1) such that Jq g{s)ds < 00 and 

, , ^^(||f7(t,x)-a(t,2/)f + (6(i,x)-6(t,y))-(x-y)) <5(|x-y|), 

(3.7) \x-y\\ ' 

G M^, < |x- y| < 1, tG(0,r). 

Let u G C{Qt) be a viscosity solution of i3. 1\) and assume that u and h have bounded oscillation 
in Qt (see 112. 1]) ). Then u{t) is Lipschitz continuous and, setting t A 1 = min(t, 1), we have 

(3.8) \\Du{t)\\^<^^oj{t,u)+C2Vt7^u;{t,h), tG(0,r), 

VtAl 

where ci = ■I'o ai'^^'^" , C2 = ^ e4x/o fW'^^ and (according to lO) ) 

uj{t,u) = osCf^i rp^3^-^{u) , uj{t, h) = osCf^t rp^3^-^{h). 

Before the proof we make some comments on hypothesis ()3.7p and on related conditions. 

Remark 3.4. If 6 = and if we assume that sg{s) — )• as s — t- 0"*^ (which is reasonable, being 
g G L^{0, 1)), then (^1^ implies that 

(3.9) a{t, •) is uniformly continuous on M^, uniformly with respect to t. 

Note that this does not require q{t, x) to be uniformly continuous (e.g. take = 1 and q{x) = 
x^ + 1). 

In the general case that 6 7^ 0, assumption (j3.7p does not imply any growth restriction on 
a{t, x), since the growth of the drift term and of the diffusion matrix may compensate adequately. 
As an example, consider 

(3.10) At = A={l + \x\^)Au - 4iV|xpx • Du. 

Here taking A = 1 and a = we have that (|3.7p holds trivially with g{r) = r, and for every 
x,y £ (not only for x, y such that |a; — y| < 1). Notice also that in this case ip{x) = 1 + |xp 
is a Lyapunov function satisfying ()3.3p . 
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Remark 3.5. If the matrix q{t, x) = x)* with •) G x (as it happens if the 

operator At is associated to the stochastic differential equation dXt = b{t,Xt)dt + T,{t, Xt)dBt, 
being Bt a A;-dimensional Brownian motion), then, assuming that 



X{t,x)I < q{t,x) < A(t,x)/ 

X{t,x)>X>0, 4M<M for any G : < 1, t G (0,r), 



(3.11) 

I A I # 'I- 1 ^ A "^11 

one can check assumption ()3.7p directly on T,(t,x). 

Indeed, if we take a{t, x) = ^ q{t, x) — ^I, we have a{t, x) > ^J~^^^I and the same for a{t, y). 
Recall that if A and B are positive symmetric N x N matrices such that A > X'l and B > X'l 
for some A' > then \\^/A - ^/B\\ < ^\\A - B\\ (see e.g. |PW06l Lemma 3.3]), hence 

(3.12) \\a{t,x)-a{t,y)\\< \\q{t,x) - q{t,y)\\, t G (0, T), x, y G M^. 

V2^yX{t,x) AX{t,y) 

Since we also have 



(3.13) \\qit,x) - qit,y)\\ < V2N Vmax{A(t, x),A{t, y)} ||S(t, x) - S(t,y)|| 

we deduce that, under condition ()3.1ip . 



Mt,x)-a{t,y)\\ < ^^ym^x{A(t x), A( ^ ^^^^^^^ _ ^^^^^^^ < ^MiV ||E(t, x) - S(t,,)|| 

^ymm{X{t,x),X{t,y)} 

if |x — y| < 1. Therefore, in this case the regularity of S(t, x) can be used to verify (j3.7p . Note 
that (j3.1ip allows X{t, x) and A(t, x) to have (the same) polynomial growth in x of any order 
(uniformly in t). 

Proof. According to Remark 13.21 we assume that (j3.5p holds true. Let us fix to G (0, T) and 
consider 6 G (0, 1]. We define the open set 

A = A(to,<5) = {(t,x,2/) G (0,T) xM^ xM^ : \x - y\ < 6 , |<t<(rA^to)} 
and the function 

^e{t, X, y) = u{t, x) - u{t, y) - Kip{x - y) - e {ip{t, x) + ip{t, y)) - Co{t - to) 



T-r 

where Cq will be chosen later (depending also on to), ^ satisfies (|3.5p and ipi^x—y) = f{\x—y\), 
where / G C^((0, 5]) is a positive, increasing, Lipschitz function (to be fixed later) such that 
/(O) = 0. 

The goal is to prove that, if K and Cq are large enough (independently on e), then 

(3.14) $,(t,x,y)<0, (t,x,y)GA. 

Once ()3.14p is proved, then choosing t = to and letting e — one gets 

(3.15) u{to,x) - u{to,y) < K^{x -y) = Kf{\x - y\), x ,y : \x - y\ < 5 . 

Reversing the roles of x, y and using the Lipschitz continuity of / will allow us to conclude. 
In order to prove ()3.14p . we argue by contradiction, assuming that 

(3.16) sup^e{t,x,y) > 0. 

A 



In the following, let us set (cf. ()2.2p ) 

(^oA'^) = osc^t^ ^j,^^^y^{u) = sup||u(t,x) - u{t,y)\ , \x - y\ < 5 , t € , T A ^to)| . 
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Since we have, for {t, x, y) E A, 

X, y) < wo,5(n) - Kf{\x - y\) - e {^{t, x) + <f{t, y)) - Co{t - tof - j^^, 

we deduce the following assertions. 

1. Thanks to the fact that blows-up at infinity, we have, for any e > 0, 

$e — ^ —CO as |x| — )• oo or |y| — )• oo 
hence <l>e has a global maximum on A. 

2. Choosing Co > ^^^^^l we have <l>e < if t = y or t = |to) and, since lim^^j.^"- = oo, 
we conclude that the positive maximum cannot be attained on {t = U {t = T A |to}- 

3. Choosing K > '^^jf^ we have < if |x - y| = 6. 

4. Since the maximum value is positive, it cannot be reached when x = y. 

Therefore, (|3.16|) implies that the global maximum of cannot be attained when x = y nor 
on dA if Co and K satisfy the above conditions; in particular, the value of Cq is fixed by now as 

4wo,5(m) 



Co 



"-o 



We deduce that u{t, x) — u{t, y) — z{t, x, y) has a local maximum (possibly depending on e) at 
some (t,x,y) G A, where 



2 , £ 



(3.17) zit,x,y) = K^lj{x-y) + e{ipit,x)+ip{t,y)) + Coit-to) . 

We can apply Theorem 12.31 with ni(t,x) = u{t,x), U2{t,y) = —u{t,y) and get that, for every 
n > 0, there exist matrices X, Y £ Sn and a, 6 G M (we omit here and later the dependence on 
n of a, b, X, Y) such that 

a-b = dtz{t,x,y) , {a,Dxz{t,x,y),X) G PA u{t,x) , 



(6, -Dyz{i, x,y),Y)e Pq^ u(i, y) 



and 



(3.18) -{n + CN\\D''z{i,x,y)\\)I < < D''z{lx,y) {D^z{i,x,y)f . 

Using that u(t, x) is a subsolution and u{t, y) a supersolution, we obtain the two inequalities 

a — tr {q{t^ x)X^ — b{t, x) ■ Dxz{t, x, y) < h{t, x) 
b - tr {q{i, y)Y) + 6(£, y) • Dyz{i, x, y) > h{t, y). 

Subtracting and using a — b = dtz{t, x, y) we get 

(3.19) dtz{i,x,y) - ii {q{i,x)X - q{i,y)Y) < b{i, x) ■ D^z{i,x,y) + b{i,y) ■ Dyz{t,x,y) +LOo,s{h) 
where 

to 3 

^o,5{h) = osc^M ,TA|to),5(^) " sup{\h{t,x) - h{t,y)\ , \x - y\ < 6 , t e {— , T A -to)} . 
Recalling the definition of z we compute and find 

+ 2Co(t -to)+e {dMi, x) + dtifii, y)) 

(3.20) -tr {q{i, x)X - q{i, y)Y) < (6(£, x) - b{i, y)) ■ D^P{x - y) 

+e {b{i, x) ■ Difii, x) + b{i, y) ■ Dip{i, y)) + LOQ^h). 
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Next step consists in finding estimates on the matrices X, Y in terms of D'^z, using (|3.18p . In 
particular, we have, for (t, x, y) £ A, 



(3.21) 



tr 



' q{t,x) c(t,x,y)\ fx ' 
c*(t,x,y) q{t,y) J I -Y ^ 



< tr 



D^z{i,x,y) + ^ {D^z{i,x,y)f 



' q{t,x) c{t,x,y)\ 
^c*{t,x,y) q{t,y) J 

' q{t,x) c{t,x,y) 

yC*it x,y) q{t,y) 
Following the choice of the coupling matrix in |PW06j , we choose 

X — y X — y 



for every NxN matrix c(t, x, y) such that 



is symmetric and nonnegative. 



(3.22) 



c{t, X, y) = a{t, x)a{t, y) + X [ I - 2 



\x-y\ \x-y\ 



where a is given by It follows that c*{t, x, y) = a{t, y)a{t, x) + X (^I - 2 (g) ^ 

Recalling the definition of z in ()3.17p we have 

/ D^ij{x - y) -D^ij{x - yf 



(3.23) D^z{t,x,y) = K 



+ e 



D'^ifii, x) ' 

DMiy)^ 



\-D'^'4>{x — y) D'^il){x — y) 
hence computing (|3.2ip we get 

tr {q{i, x)X - q{i, y)Y) < Kti {{q{i, x) + q{i, y) - 2c(t, x, y))D^^{x - y)) 
+e tr {q{i, x)D^ip{i, x) + q{i, y)D^ip{i, y)) 



+ ^tr 



{D^z{i,x,y)y 



' q{i,x) c(t,f,y)' 
^c*{i,x,y) q{i,y) ^ 
On account of (|3.20p . we deduce that 

2Co{i - to) < Kti {{q{i, x) + q{i, y) - 2c(t, x, y))D^^{x - y)) 
+ {b{t,x)-b{i,y))-Dtl;{x-y) 
+e {A^{ip){i, x) - dtf{i, x) + Ai{^){i, y) - OMt, y)) 



+-tr 

n 



{D^ziix,y)y 



' q{t,x) c{i,x,yy 
^c*{i,x,y) q{i,y) ^ 
where At is defined in (|3.4p . Letting now n — )• oo, and using (|3.5p . we obtain 
2Co(i - to) < i^tr {{q{i, x) + q{i, y) - 2c(t, x, y))D^iP{x - y)) 
+ {b{i, x) - b{i, y)) ■ Dij{x -y)+ ujo,s{h) 
Since ip{x — y) = f{\x — y\), we have 



(3.24) 



(3.25) D'^i;{x - y) 



n\^-y\) 

\x - y\ 



\x-y\ \x-y\ 



x — y x — y\ „„,, ,, x — y x — y 
I--. -]+fi\x-y\)-, ^® 



\x-y\ \x-y\ 



hence 
(3.26) 



tr {{q{i, x) + q{i, y) - 2c(t, x, y))D^ij{x - y)) 
tT{A{i, X, y)) - ^|^A(t, X, y)p-p + f"{\x - y\)A{i, x, y)p ■ p 
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where A(t,x,y) = q(t,x) + q(t,y) — 2c(t,x,y) and p = ifEfr- Let us give at this point a brief 
motivation for the choice of the couphng matrix c{t,x,y). Since the previous matrix A has to 
be nonnegative, we have tr(^) — Ap-p > so that, in order to handle the singular term "^-^z^^, 

we need that tr(^) be compensated by Ap ■ p, which is the case thanks to the choice ()3.22p . 
Indeed, we have tr{A{t,x,y)) = 4A + ||cr(t,x) — a{t,y)\\'^ and A{t,x,y)p ■ p > 4A so that (recall 
that we assume /' > 0) 

^ tr A t, X, y)) - ^-f, ^A{t, X, y)p ■ p < ^-f, ^ at, x) - a{t, y)f . 

\x — y\ \x — y\ \x — y\ 

On the other hand, we are also interested in taking a function / which is concave. Suppose now 
that this is the case, namely that /" < 0. Then we obtain from (|3.26p 

tr x) + q{i, y) - 2c(t, x, y))D'^^{x - y)) 

<^^f^h{i,x)-a{iM?+A\f"{\x-y\). 

Combining this estimate with (j3.24p we get 

2Co(i-io) 

< K (4Ar(|x - y\) + - a{iM? + - b{i,y)) ■ {x - y))) + cooAh) 

and using ()3.7p 

(3.28) 2Co{i -to)<K {4Xf"{\x - y\) + f{\x - y\) g{\x - y\)) + ujo,5{h). 

Choose now / as the solution of 

U\f"{r)+g{r)f'ir) = -l r G (0, 5] , 
1/(0) =0, f'i5)=0 
which is possible since g{s)ds < oo. Namely we have 

(3.30) /(r) = — e-^ ^ e^drd^ , where G{0 = 9{r)dT . 

Observe that /' > and /" < as we used above, moreover / G C2((0,5]). Using also that 
t > to/2, we get 

K < ojo,5{h) + 2Co(to - i) < ojQ^h) + Coto 
and since we have chosen Cq = l!ii2^|i!fl^ we deduce 

K < — j hu}o^s{h). 

to 

Therefore, if K is bigger than this bound we reach a contradiction and (|3.16p cannot hold true. 
We conclude that (j3.14p is verified provided that 

(3.31) K > max | h uJo,s{h), -y^^y 



(3.29) 



^ We could also consider 

c{t,x,y) ^ a{t,x)a{t,y) + \ ( I - t ( (g, ^—^]] , for any t G (0, 2]. 

V Vk-y| \x-y\JJ 

However the present choice t = 2 as in [PW06] leads to a better constant in the gradient estimates. 
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From (|3.14p . choosing t = to and letting e — )■ 0, we obtain (|3.15p and reversing the roles of x 
and y, we find 

\u{to,x) - u{to,y)\ < K f{\x - y\), \x - y\ < 6. 
Using that / is concave we then obtain 

(3.32) \uito,x)-u{to,y)\<Kf'{0)\x-y\, \x - y\ < S. 

We fix now K = ^^^^^^ + cooAh) + '^^jf^ so that ([OT]) is satisfied. Since f{5) > ^ (5^ and 
/'(O) < C2<5, with C2 = ^ e4x/o we have 

\u{to,x) - u{to,y)\ < C2d y-j^j-^ +ujQ^s[h) H -p j F - y|, 

for every x, y: \x — y\ < 6. Choosing 5 = ^/tQ Al, we deduce 

\u{to,x) - u{to,y)\ < C2\/to A 1 (u){to, u) ^^'^^'^ +uj{to,h)J \x - y\, 

for every x, y: \x — y\ < \/tQ A 1, and then for every x, y such that |x — y| < 1. The inequality 
then extends, in a standard way, to any x, y G M^. This shows (j3.8p and finishes the proof. 



Remark 3.6. We point out from the above proof the estimate on the Lipschitz constant of 
ti(to) which is 

Lip{u[to)) <Cxd — h ujo,s{h) H p — j , 

where Cx only depends on A and g. In particular, any additional estimate on the oscillation of 
u and h can provide further specifications of such estimate (see Theorem 13.241 below) . 

Remark 3.7. A global version of the previous result up to t = is possible if uq is assumed 
to be Lipschitz continuous. In this case one can take Cq = and modify suitably the previous 
proof. One obtains 

\u{t,x)-u{t,y)\<K\x-y\, t e [0,T], 

where K = C{X, g) • max{Lip(no), Tosc [o,t](^)5 osc [o,t](^)}- Note that here the global Lipschitz 
continuity of u is established in terms of the (bounded) oscillation of u. Later on (cf. Section 
3.3), assuming a further condition (at infinity) on the function g appearing in (j3.7p . we will able 
to prove estimates on the oscillation of u in order to get a complete Lipschitz bound of u{t) only 
depending on the data uq and h. 

Remark 3.8. Theorem 13.31 also provides an analytical proof of other regularity results existing 
in the literature which were only proved by probabilistic techniques. For instance, our result 
applies to the case that qij{t,-) G C^(]R^), t G (0, T), that holds and if setting aQ{t,x) = 

\J q{t, x), we have 

(3.33) 2\\Dhcro{t,x)f + {b{t,x + h) - b{t,x)) ■ h < c|/ip, x,y t£ (0,r), h G R^. 

(for a smooth N x N matrix a{t,x), we write Dha{t,x) to denote the matrix {Dhaij{t, x)), 
where D^aij stands for the directional derivative along the direction h). 

A time-independent version of ()3.35p , with some additional assumptions of polynomial growth 
on h and ctq, is used in [Ce96j and jCeOl|. Chapter 1] to prove gradient estimates for the diffusion 
semigroup, with a probabilistic approach. 
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To see that aUows to apply our Theorem \3.3i we first note that we can take (p{x) = 

1 + jxp as Lyapunov function. Moreover, we set a^{t,x) = ^J q{t, x) — fil, fi = A/2, and we 
check that ()3.7|) holds for cr^ with g{r) = Kr. To this purpose, since for every h S M^, we have 

N 1 

\\af,it,x + h)-a^{t,x)f <Y] / {Da'^{t,x + rh),hfdr, 

Jo 

it is enough to show that 

N 

(3.34) J^(Z)a;f(t,x),/i)2 = \\Dha^{t,x)f < 2\\DhCJoit,x)\\\ 

so that ()3.33p will imply the validity of ()3.7p . 

To prove (|3.34|) . we denote D/i(T^(i, x) by a'^{t,x) and, similarly, Dhao{t,x) by cjQ(i,x) and 
Dfiq{t, x) by q'{t, x). The next proof is inspired by the one of |Fr851 Theorem 2.1 in Section 3.2]. 
Note that the following computations hold even if fj, is equal to 0. Since (J^(i, x)'^ = q{t, x) — fil, 
differentiating with respect to h, we find 

(3.35) q'{t, x) = a'^{t, x)a^{t, x) + a^{t, x)a'^{t, x). 
Take an orthogonal matrix 6{t,x) (independent of /i) such that 

, x)afj,{t, x)6* {t, x) = A^{t,x), 



where A^(t, x) is diagonal, having ^ Aj(t, x) — fi, i = 1, . . . , iV, on the diagonal. Now multiplying 
both sides of ()3.35p on the left by 6{t,x) and on the right by 6{t,x)* we get, setting a{t,x) = 
e{t,x)q'{t,x)e{t,x)*, 

a{t,x) = Y^{t,x)A^{t,x) + A^{t,x)Y^{t,x), where Yf,{t,x) = 9{t,x)a'^{t,x)9{t,x)* . 
It follows that Yfj^{t,x) has components 

y/Xi{t,x) - /i + y'Xj{t,x) - fl 
so that, using that Xi{t, x) — fi > \i{t, x)/2, i = I, . . . , N, 



(3.36) y;^(t,x)2 < 2-^===4^^^1^^_- = 2iY^\t,x)f. 



(VA^(t,x) + v^Aj-(t,x))2 

Now note that a'^{t,x) = 9{t,x)*Yf,{t,x)9{t,x). 

Moreover, since 9{t,x) is orthogonal, we have ||o"|^(t, x)|p = ||y^(t,2;)|p even for /i = 0. It 
follows that 

TV TV 

K{t,x)f = ^ Yi^{t,xf < 2 ^ Y^^{t,xf = \\Yo{t,x)\\' = H{t,x)f 

i,j=l i,j=l 

which proves ()3.34p . 

Finally, let us provide a similar result concerning the case of Holder regularity in which we 
relax the assumption (7 E C(0, 1) n L^{0, 1) used in Theorem 13.31 We adopt the same notations 
as in the previous statement. 

Proposition 3.9. Assume the same conditions of Theorem \3.3l only replacing the hypothesis 
5 G C(0, 1) n ^^(0, 1) with the following condition 

(3.37) g G C(0, 1) and lim sg(s) = 0. 

s->0+ 
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Let u E C{Qt) he a viscosity solution of 1\) as in Theorem VJ.'Ji Then u{t) is a-Holder 
continuous for any a G (0, 1) and verifies 

(3.38) \u{t, x) - u{t, y)\ < j^^^^^ ( (^T^Tj^ + ^ h)) \x - y^, 

x,y ^ M^, Ix — yl < 1, t G (0,7"), where c only depends on a, A and the modulus of continuity 
ofsg{s). 

Moreover, if we replace ^3.37^ with the condition g E C(0, 1) and limsupj,_j.o+ < 4A, 
then there exists a = a{g, A) G (0, 1) such that i3. 38\} holds. 

Proof. We proceed as in the proof of Theorem 13.31 with few changes. First we fix 6q € (0, 1) such 
that sg{s) < 2A(1 — a) if s < 6o and then we consider the set A{to, 6) with 6 < Sq. 

We also choose from the beginning f{s) = s°, and we take K > '^"'^^^^ . Being / increasing 
and concave, we still arrive at the inequality (see (|3.28|) ) 

2Co(t - to) < K{iX f"i\x -y\) + /'(|x - y\) g{\x - y\)) + uJo,sih) 

which now becomes 

2Co(t - to) < a K \x - y\"-^ (4A {a - I) + \x - y\g{\x - y\)) + ujo^h). 

Since |x — y| < 6o, we get 

2Co(t- to) < 2Aa(a - 1) K \x - _^ wo,<5(M 

and so 2A a(l — a) K6'^^'^ < ujo^s{h) + 2Co(to — t ) < ^o,s{h) + Coto- We get a contradiction if 

^^ 2A«(l-a)^-n "°-^("^ + ^^ 



Choosing again 5 = ytoAc^ we get the desired estimate. 

To prove the last assertion, we set 7 = limsup^_j.o+ sg[s) and we proceed similarly, but first 
we choose a G (0, 1) such that 4A (a — 1) + 7 < 0, which is possible since 7 < 4A. ■ 

We point out that (|3.38|) holds only for x, y such that |x — y| < 1. However, replacing \x — y|" 
with (|x — + |x — y|), the estimate holds for every x,y ^ M^, t € (0,T). 

Remark 3.10. We discuss here the previous result when b = = h. In such case assertion 
(j3.37p is equivalent to say that a is uniformly continuous on (uniformly in t). In general this 
is weaker than requiring that q is uniformly continuous on (cf . Remark 13. 4p . On the other 
hand, we recall that if q is elliptic, bounded, uniformly continuous and independent on time, 
then gradient estimates hold for u{t, •) (see jSt741 Theorem 6] whose proof uses the theory of 
analytic semigroups). However, in our case we do not know if gradient estimates hold assuming 
only dOT]) rather than g G L^(0, 1). 

Note that condition p.37p seems to be almost sharp to get Holder continuity for any a G (0, 1). 
Indeed, in cases when sg{s) is only bounded, it is known (see |KS801 Section 4] for the more 
general situation with qij bounded and measurable) that any bounded regular solution n(t, •) of 
(j3.ip is Q-Holder continuous on only for some a = a{X,N) G (0, 1), with a universal Holder 
constant depending on ||u||oo, A and N. 

Finally note that the assertion limsup3_^o+ ^di^) < 4A holds in particular (with 6 = /i = 0) if 
there exists < A < A such that 

A|/i|2 < g(t,x)/i • /i < A|/ip, x,/iG]R^, tG(0,r), 

and the following Cordes type condition holds: j < To this purpose take such that < 
fj, < \ and ^ < and define a symmetric positive definite matrix a{t, x), such that a{t, x)"^ + 



16 A. PORRETTA AND E. PRIOLA 

fil = q{t,x). We have < [a{t,x)-a{t,y)Y < (A-/i)/andso \\a{t,x)-a{t,y)f = Tr [(cr(i, x)- 

cr(t,y))^] < A^(A — /i). Note that we can take g{r) = so that hmsupg_j.Q+ 5(7(5) = 

A^(A — /i) < 4A and the assertion fohows. 

3.2. The Cauchy problem with bounded initial datum and potential term. We use 
Theorem 13.31 and generahze |PW061 Theorem 3.4] concerning Lipschitz continuity of bounded 
solutions to the Cauchy problem on Qt- Due to the fact that we are considering bounded 
solutions, we can treat more general equations having also a possibly unbounded potential term 
V, i.e., 

(3.39) dtu-ix{q{t,x)D^u) -b{t,x) ■ Du + V{t,x)u = h{t,x) in Qt- 

We always assume Hypothesis 13.11 and that V : Qt — )• M is continuous and non-negative. 
We start with a quite standard lemma. 

Lemma 3.11. Let h G C{Qt) H (Qt) ■ Let u ^ C {Qt) be a viscosity solution of US. 39]) such 
that uq := u{0, •) is bounded on M.^ and moreover u is o{ip) in Qt, where ip satisfies US. 3\) . Then 
u is bounded on [0, T] x and 

(3.40) ll'"(i)l|oo < llnolloo + t\\h\\T,oo, t G [0,r], 
where \\h\\T,oo = supjg(o,T) ||/i(t)||oo. 

Proof. Let us consider, for e > 0, 

(peit, x) = u{t, x)-£ ip{t, x) - jT^^ - Ikolloo " t\\h\\T,oo, 

where f is the Lyapunov function which we may assume to satisfy (j3.5p . If for any e > 0, we 

have (j)e{t,x) < 0, then, letting e — )• 0+, we deduce u(t,x) < ||tio||oo +i||^||r,oo- Arguing by 

contradiction, suppose that, for some e > 0, max (f)Jt,x) > 0. Let ite,x^) be the point 

[0,T)xRJV 

where this maximum is attained. Note that t^ G (0,?") and so (te,^;^) is a local maximum. By 
definition of subsolution we have 

WHt.oo + im ^ ^ N9 + ("9* - -4ij(e(^)(4,2;,) < h{t^,Xe) - V{te,Xe)u{te,Xe), 

which yields a contradiction. Indeed {dt — AtJ(p{tf:, x^) > and u{tf:,Xe) > imply 

||^||t,oo + ^^^^ ^2 - Hte,Xe). 

Applying the same reasoning to —u, which is a subsolution to (|3.39|) with h replaced by —h, we 
conclude. ■ 

In the next result we will assume that the potential V : Qt — Kh- satisfies, for every x, y G M^, 
\x-y\< 1, t G (0,r), 

(3.41) \V{t,x)-V{t,y)\ < ko + h\x-y\ ■ max{V{t,x),V{t,y)}, 

for some non-negative constants ko and ki. This condition allows us to consider unbounded 
potentials and operators like An — (|xp + |x|'^)n, a G (0, 1). 

Theorem 3.12. Assume that \3.^) . LS. 3\) hold true, and that there exists a non-negative g G 
C(0, 1) such that g{s)ds < 00 and Jg. 7| ) holds. Assume that h G C{Qt) n L°°{Qt) and that 
V G C{Qt) is non-negative and satisfies (fg.^ j[ ). Let u G C{Qt) be a viscosity solution of US. 39\) 
such that uq := n(0, •) is bounded on and moreover u is o{ip) in Qt, where tp satisfies Ii3. 3\) . 
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Then u{t) G W^'°°{W'^), for every t E (0, T), and there exists Co = CQ{\,g), such that 
(3.42) 

3 



\Du{t)\\^ < Co 



^ + VtAl ko + ki 



+ (rA-t)||/i||T,oo ) +Vt7^\\n\\ T.oo 



Remark 3.13. We compare now this result with |PW06l Theorem 3.4], where the assumption 
(j3.7|) was introduced and a similar gradient estimate was proved but using a probabilistic ap- 
proach. In particular, the concept of solution of (|3.1|) used there is the probabilistic one given 
through the expectation of U{){Xt) where Xt is the diffusion process associated to the operator 
At in (j3.4p and starting from x G MJ^ (see Appendix A for more details). Similarly, assumption 
(j3.3|) is replaced there by the condition that Xt is not explosive (observe that the existence of a 
Lyapunov function implies non-explosion of the diffusion process, see e.g. |SV791 Chapter 10]). 
Up to such changes due to the different settings. Theorem 13.121 provides an analytical proof 
of |PW061 Theorem 3.4] with a few more generality, since in the latter paper the coefficients 
were not supposed to be time-dependent, there was no source term h and the potential V was 
supposed to be either bounded or Lipscliitz continuous, in which case a stronger hypothesis on 
g was required. 

We point out that ()3.42p implies 

llDu(t)ll^ <cM2£ ast^O+. 



On the other hand, when uq = 0, (j3.42p implies that, for small t 

\\Du{t)\\^<CVt\\h\W^ 



which generalizes the classical gradient estimate for solutions to the Cauchy problem involving 
the inhomogeneous heat equation with zero initial condition. 

Proof of Theorem \3.1SX Using Lemma 13.111 we know that u is bounded and moreover 

3 

(3.43) Lo{t,u) := osc,i j.^3Ju) <2 sup ||u(s)||oo < 2||uo||oo + 2(r A -t)||/i||r,oo- 



In particular, if U = the conclusion is a direct consequence of Theorem [ 

In the case U 7^ 0, we modify a bit the proof of Theorem 13.31 choosing / as the solution of 

U\f"{r)+g{r)f{r) = -l r G (0, 25] , 

1/(0) =0, /'(25)=0, 



(3.44) 



where now < ^. Therefore we have 



In particular, note that, for every r G (0, 5) we have 

(3.45) fir)>n6)r>^r. 

Following the same proof of Theorem 13.31 (with the same notations) we obtain (see ()3.28p ) that 

2Co(t -to)<K (4A f"i\x -y\) + /'(]£ - y\) g{\x - y\)) + uo^h) 

(3.46) , . , . . , 

+ {V{t,y)u{t,y)-V{t,x)u{t,x)). 
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We concentrate on the last term setting 

J{i,x,y) = V{i,y)u{i,y) - V{i,x)u{i,x). 

Assume that V{i,y) > V{i,x); then we writ^ 

J{i, X, y) = y (f , y) {u{i, y) - u{i, x)) + x) {V{i, y) - F (t, x)) 

and since u{t, y) — u{t, x) < —Kf{\x — y\), which is consequence of ()3.16p . it follows, using also 
dSail, that 

J{i, X, y) < -KV{i, y)f{\x - y\) + \\u{t)\\^ {ko + ki\x - y\ Vit, y)) . 
Since |x — 2/| < 5, using (|3.45p we deduce 

J(i,x,y) < -K—V{i,y)\x-y\ + ||n(t)||oo {ko + ki\x - y\V{i,y)) . 
Therefore, if K > ki\\u{i)\\^^ we get 

J{i,x,y) < ko ||u(i)||oo 

so that (|3.46p implies 

2Co{i - to) + K < 2\\h\\T,oo + ko\Hi)\\^. 
Finally, we obtain here a contradiction if we choose 

K > maxi h2 /i T,oo + ko oo ,ki\\u{t)\\oo-r , 

I to f{d) 

Using that > |^ and setting 5 = y/to A ^ we find 

\u{to,x)-u{to,y)\ < Kf{\x-y\) < Kf'{0)\x-y\ < C2K5\x-y\ 

< Co(^^^4^ + VhT^T {\\h\\T,o. + A:o||n(t)||oo) + 4AA;i||n(t)||oo + 4A^^|^) \x-y\. 
Recall that ()3.43p implies oJo^s{u) < 2||iio||oo + 2(T A |to)||^||T,oo; hence we conclude 

\u{to,x)-u{to,y)\ <^C{\,g)(^^^ + koVt^ + ki'^ [\\uo\\oo + (T A |to)||/i||T,oo] 
+C7(A, 5)^*0^ II /i||T,oo} \x-y\. 



Remark 3.14. It is not difficult to modify the previous proof and obtain gradient estimates, 
assuming instead of ()3.7p . the following more general assumption 

^ - a{t,y)\\^ + {b{t,x) - h{t,y)) ■ {x - y)) 

< 9{\x - y\) + ks\x - y\ max{V{t,x),V{t,y)), 

for X, y G such that jx — y| < (5i, t G (0, T), for some di,k^ > 0. This condition is comparable 
with the assumption Db{x)h ■ h < (si + S2V {x))\h\'^ , x,h ^ M^, for some si,S2 > used in 
|BF04j . According to jBF04j the last hypothesis together with \DV{x)\ < cq + 01^(2;), x G R^, 
and Qij Lipschitz continuous imply gradient estimates (|3.42p for the autonomous non-degenerate 
Cauchy problem with h = 0. 



^In the case that V{i,x) > V{i,y), we use the identity J{i,x,y) = {V{i,y) — V{i,x))u{i,y) + {u{i,y) — 
u{t,x))V{t,x) and then we proceed in a similar way. 
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Remark 3.15. Theorem l3.12l can be also interpreted as an a priori estimate on classical bounded 
solutions to the Cauchy problem involving Af. On this respect (see |KLL101 Section 2] and 
|MPW02] Section 4] for the autonomous case), if we assume Hypothesis \'6.l\ existence of a 

Lyapunov function ip and the fact that coefficients qij, hi belong to C^J^'°'{Qt), for some a G 
(0, 1), then it is well-known that there exists a unique bounded classical solution to the Cauchy 
problem p.39p with h = V = and uq which is continuous and bounded on M^. 

We finish the section with a variant of Theorem 13.121 establishing Holder continuity of the 
solution. In this case we may assume that the potential V satisfies, for every x,y €z M"^, 
\x-y\< 1, t G (0,T), 

(3.47) \V{t,x)-V{t,y)\<ko + h\x-yr- ma^{V{t,x),V{t,y)}, 
for some a G (0, 1). 

Proposition 3.16. Assume that i3.2\) . 13. 3\) hold true, and that Jg. 7| ) holds for some g satisfying 
Ii3.37\ ). Assume that h G C{Qt) H L°°{Qt) and that V G C{Qt) is nonnegative and satisfies 
Ii3.4'^ - If u £ C{Qt) is a viscosity solution of ^3.1\) as in Theorem \3.12l then there exists 
Co = Co{X,a,g) such that 

\u{t, x) - u{t, y)| < Co I [(^T^Tj^ + ^ 1)'^"^' ^0 + ki] (holloo + (T A ^t)||/i||T,oo) 

(3.48) +{t Mf-^/^h\\T,oo} \x-yr. 

x, y G MJ^ , \x — y\ <1, t £ (0, T), where Cq only depends on a, X and the modulus of continuity 
ofsg{s). 

Proof. Now we follow the proof of Proposition [321 We fix 6q G (0, 1) such that sg{s) < 2A(1 — a) 
if s < (5o and then we consider the set A{to,5) with 5 < Sq. We obtain 

2Co{i-to) <aK\x- yl'^-^AXia -l) + \x- y\g{\x - y\)) +uo4h) + J{i,x,y), 

which implies, since \x — y\ < 6o, 

2Coii - to) < 2X a{a - 1) K \x - y\'^~^ + 2||/i||t,oo + J{i x, y) . 

We estimate last term as in Theorem 13.121 and using (|3.47|) we get 

J(t, £, y) <-K\x- y|"V(t, y) + \\u{i)\\^ {ko + ki\x - V{i, y)) . 

In particular, if K > ki \\u{t)\\oo we conclude 

2Coii - to) < 2X aia - 1) K \x - ^ + 2||/i||t,oo + ko ||n(t)||oo , 

and we obtain a contradiction if 

K > n ^ ,,^^J nh\\T,oo + ko ||n(t)|U + '^'^"''^''^ 



2Aa(l-a)d"-n""'""^'°° ' ■-"■^^"^hoo , 
Putting together all the conditions required on K, we need to choose K such that 

K > max/— -^(2||/.||^,^ + fco ||n(t)|U + '-^) , k, ||uf^"- ""'^^"^ 



2Aa(l-a)(5°-n " ' "^"^^""^ ' to ; ' - 11-^"^"°° ' 

Choosing 5 = \/to /\ 60, and using the bounds on u (see (|3.40p ). we can choose 



K= Co 



. ' ^ + {^Jt^f-^ ko + A;i 
^{^ft^f-'^ ||/i||t,oo}, 



l^^olloo + (rA|to)||/i||T,oo 
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for some Cq = Co{X, g,a). In this way we have proved (|3.48|) . ■ 

We finish the section by noting that all the previous results can be further improved in 
dimension = 1. Indeed in this case we only need that q is uniformly positive and we do not 
need any "control" for \\a{t,x) — a{t,y)\\. When = 1 Theorems 13.31 [3^121 Propositions 13.91 and 
13.161 hold replacing ()3.7p with 

(3.49) {b{t,x)-b{t,y))-{x-y) <g{\x-y\)\x-y\, x,y : 0< \x - y\ < 1, 

t G (0, r). We only formulate an analogous of Theorem 13.31 



Proposition 3.17. Let N = 1. Assume that 113. 113. hold true, and, in addition, that there 
exists g G C(0, such that g{s)ds < oo and \3.49^ holds. Let u £ C{Qt) be a viscosity 
solution of 113. Moreover, suppose that u and h have bounded oscillation (see 112.1]) ). 
Then the function u{t) is Lipschitz continuous and estimate i3. 8\) holds. 

Proof. We follow the argument of the proof of Theorem 13.31 and arrive at the identity ()3.26p . 
Now note that tr(^(t, x, y)) — A{i, x, y)p ■ p = 0. Using that A{i, x, y)p ■ p > 4A, we obtain 

{q{i, x) + q{i, y) - 2c(t, x, y))D^[x - y) < 4A f"{\x - y\) 

and so (cf. I^Mi) 2Co{t-to) < iXK f"{\x - y\) + {b{i,x) - b{i,y)) ■ Dil:{x -y) +ojQ^s{h). Using 
the assumption (|3.49p we can continue as in the previous proof and get the assertion. ■ 

Remark 3.18. In jBF04j it is considered a one-dimensional operator At = A, Au = u" +bQ{x)u' , 
where 6o does not satisfy (|3.49p and for which uniform gradient estimates for the associated 
parabolic Cauchy problem do not hold. 

3.3. Unbounded data: estimates on the oscillation of the solutions. In this section we 
generalize the gradient estimate (|3.42p for the operator (|3.ip to the case in which the data mqi h 
are not necessarily bounded but, more generally, have bounded oscillation (see (|2.ip and (j2.3p ). 
In particular, we cover the case of (possibly unbounded) Lipschitz and Holder continuous uq. 

With respect to the assumptions in Theorem 13.121 we need to assume an additional control 
at infinity on the function g appearing in (j3.7p . namely that g G C(0, +00) and g{r) is 0(r) 
as r — )• +00. We stress that this condition is always satisfied whenever a{t,x) has bounded 
oscillation and b{t, x) verifies {b{t, x) — b{t, y)) ■ [x — y) < C\x — yp, for any x, y G R'^, t G [0, T] 
(notice that in this case tp = l-|-|xp is a Lyapunov function). However, the operator in ()3.10p 
also satisfies our condition at infinity for g. Roughly speaking, g = 0{r) as r — t- +00 should be 
regarded as a control on the superlinear growth of the coefficients which is not compensated by 
the interaction drift-diffusion. 

In order to bound the oscillation of the solutions, we will need the following growth type 
estimates which may be of independent interest. This is why we give them in a rather sharp 
form (distinguishing between the Holder and the Lipschitz case, as in the previous subsections, 
according to the behaviour of 5 as r — )• O"*"). 

The result explains that if a viscosity solution u of ()3.ip is o[ip) on Qt and, moreover, uq, h 
have bounded oscillation, then u{t) also has bounded oscillation with a precise control which may 
imply, in particular, the conservation of the Lipschitz and Holder continuity of uq. We mention 
that a related result for equations like dtu + F{\/u,\/'^u) is given in |GGIS9l] Proposition 2.3]. 



Lemma 3.19. Assume that \3. 2\) and \3. 3|) hold true and that (3.1) holds in Qt with some 



non-negative g G C(0, +00) such that g{r) is 0{r) as r ^ +00. In addition, assume that uq, h 
satisfy 

(3.50) \uq{x) - UQ{y)\ <kQ + ka\x - y\°' + ki\x - y\, x,yGM^, 



LIPSCHITZ REGULARIZING EFFECTS FOR PARABOLIG PDES 21 

(3.51) \h{t,x)-h{t,y)\<ho + ha\x-y\°' + hi\x-y\, x,y e , t e {0,T). 

for some a E (0,1), with ko,ka,ki,hQ,ha,hi > 0. Let u £ C [Qt] be a viscosity solution of 
13. 1\) such that u is o{ip) in Qt- Then we have: 

(i) If rg{r) — t- as r ^ 0"*", we have 

\u{t,x) -u{t,y)\ < ko + {K + LMt)\x - y]"" + {ki + Mt{hi + ki))\x - y\ , x,yeR^,te [0,T], 
where K = max( 2a\(i-a) ' ^a,ki), L = max(/io, ha,hi,ka,ki) and M = M{g, A, a, T). 

(ii) If g ^ ^^(0, 1) (and, in case k^ 7^ 0, if also rg{r) — )■ as r ^ 0"*"^, we have 

|u(t, x)— n(t, y)| < ko+{ka+L kat)\x—y\'^ +CQ{ma,'K{hQ,ha-,ki}+M Lt)\x—y\, x,y G M^, t G [0, T], 
where L = L{g, X,a,T), M = max(/io, ha,hi,ki), cq = co{g, A, a). 

Remark 3.20. Let us comment on the technical form of estimates (i) and (ii) above. Such form 
is meant to show that, if ko = 0, then (i) or (ii) imply the conservation of the Holder, respectively 
Lipschitz, continuity from uq to u{t). To our knowledge, no similar results are available in the 
literature unless the coefficients qij and hi are assumed to be Lipschitz continuous. 

In particular, notice that if ko = ki = and if hi = 0, estimate (i) implies a global Holder 
estimate for u{t), and in this case u{t) grows sublinearly at infinity. Similarly, (ii) shows that if 
ko = ka = 0, then u{t) is globally Lipschitz continuous. The reader should keep in mind that 
here we are not dealing with the regularizing effect, but with merely conservation of the growth 
and continuity properties from uq to u. On the other hand, the regularizing effect will follow 
coupling together the above oscillation estimates with Theorem 13.31 and will be stated later (see 
Theorem I3.24|) . 

Proof. According to Remark \'i.2\ there is no loss of generality in taking M = in (|3.3p . Let us 
consider the set 

(3.52) A = {(t, X, y) G (0, T') x x }, 
where T' G [0, T] will be chosen later, and the function 

(3.53) $e(t, X, y) = u{t, x) - u{t, y) - f{t, \x - y\) - £ {ip{t, x) + (p{t, y)) - _ ^ , e > 0, 
where 

/(i,r) = (A:o + at) + (/3 + 6t)r" + (7 + ct){r + />)), 

with a,b,c,(3,-f > and /(r) G C^i^O, 00) is a nondecreasing concave function with /(O) = 0, to 
be fixed later. As usual, we wish to prove that, independently on e, 

(3.54) ^,{t,x,y)<0, (t,x,y)GA, 

and we argue by contradiction, assuming that sup$e(t,x,y) > 0. Since ip blows-up at infinity 

A 

and u is o{ip), we have 

<l>e — )• —00 as |x| — > 00 or l^/l — > 00 

hence $e has a global maximum at some point (i, x, y) G A and clearly x ^ y since the maximum 
is positive, and t < T'. Assuming that 

(3.55) /3>ka, l>ki, 

we deduce that the maximum cannot be reached at t = because, thanks to ()3.50p and ()3.55p . 
we have 

uo{x)-uo{y)<f{0,\x-y\), x,yeR^. 
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It follows that {t, X, y) is also a local maximum in which is positive. Henceforth, proceeding 
like in Theorem 13.71 (using (j3.5|) . and that /' > and /" < (we have set dxf = f and 
d^^f = /"), we obtain 

+ (a + b\x - + c{\x -y\ + f{\x - y\)) 



{T'-iy 

< (4A r (t, \x - y\) + fit, \x - y\)g{\x - y\)) + \hii, x) - hit, y)\. 

Setting f = \x — y\, using the expression of /(t,r) and (j3.51|) . we get 
(3.56) 

+ (a + + c(f + fir))) 

<ij3 + bt) a [4A(a - l)r"-2 + f'^-^gif)] + (7 + ci)gif) + (7 + ct) 4A/"(r) + c/(r)/'(r) 

+/io + + /lif 

We distinguish now according to the assumption on gis) near s = 0. 

(i) Assume that gis)s — t- as s — t- 0. We take here / = and we assume that 6 > c, /3 > 7; in 
particular we obtain 

ij3 + hi) a [4A(a - l)r"-2 + f'^'^gif)] + (7 + ci)gif) 
< (/3 + bi) {a [4A(a - l)f°-2 + f°-ic/(f)] + c/(r)} . 
Since 5(7(5) — )• as s — )■ 0, there exists ro < 1 (only depending on g. A, a) such that 

(3.57) a [4A(a - l)s"-2 + s"-^c/(s)] + gis) < 2aA(Q - l)s"-2, s G (0, ro) . 

Since gis) = 0(s) as s — ?• +00, for s > ro there exists a constant Lo such that gis) < Lqs, hence 
(/3 + bt) a [4A(a - l)s"-2 + s"-^(7(s)] + (7 + ctXs) < (/3 + 6t) aLo + (7 + ct)Los, s > ro. 
Therefore, we conclude from (j3.56|) (where / = 0) that 

—^-— + ia+bf''+cr) < -2aXil-a)(3 r°^^Xr<ro + (/?+&*) aLo r°+(7+ct)Lor+/io+/iar"+/iif . 
(T' - t)^ 

We choose T' = l/2Lo, so that L^t < ^ and we deduce 

(3.58) ^^^^ .^^ +a + (^b-Lo/3)r" + (^c-Lo7)r < -2aA(l - a)/3 r"" V<ro + /io + /iar" + /iir . 

Since /lo < /io^""^X(o,ro)(^) + ^ /io^°Xr>ro(?^), we obtain 

+ a + (ift - Lo/3) f° + (Ic - Lo7)r 
< iho - 2aA(l - a)/3)f"-2^(o,,o)(r) + (^/iq + /ia)r" + hf . 

Here we choose a = 0, /3 > 2^i^^3^> ^ > 2(Lo/3 + 2 ""'''^/'^''^"^ ), 7 = A;i, c = 2(Lo7 + hi) and we 
get a contradiction. 

Recalling that (3 > ^, b > c and ()3.55p were used before, we have just proved that 

(3.59) uit,x) -uit,y) < ko + i^ + bt)\x - y\'^ + iki + ct)\x - y\, te [0,T'] andx,yGM^, 
where /3 = max( ^^_)^|'°_^^ , /ci), c = 2(LoA:i + h) and 

f / ^ maxj/in, \ , , 
6 = max <^ 2 Lo/3 + 2 , 2(Lofci + /n; 



In particular we have uiT' , x) - uiT' , y) < ko + iP + bT')\x - yl'' + 2iki + hiT')\x -y\, x,y £ M^. 
Since T' only depends on A, a, g, and not on the data h, uq, we can restart the same method on 
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the interval / = [T', {2T' A T)] (here it is enough to use f{t,r) = fco + bitr°' + Citr, for suitable 
constants bi and ci). 

Iterating this argument we obtain the assertion on the whole [0, T]. In particular, we have 
proved, for any x,y £ R^, 

(3.60) u{t,x) - u{t,y) < ko + {K + LMt)\x - y|° + {ki + M{ki + hi)t)\x - y\, 
where K = /3 = max( 2aX{i-a) ' ^i)' ~ max(/io, /lo, /ii, fea, ki) and M = M((7, A, a, T). 

Note that an alternative estimate can be obtained after (j3.58p if we choose a = ho, b > 
2{Lq/3 + /iq) and c = 2{Lqj + hi). In this way we get the estimate (recall that /3 > 7 = /ci and 
b>c) 

(3.61) \u{t,x) -u{t,y)\ < {ko + hot) + {inax{ka,ki} + bt)\x-y\"' + {ki + ct)\x-y\, 

for every t G [0,T'] and x,y G M^, where b = 2(Lo max{/ca, /ci} + max{/iQ, /ii}) and c = 
2(LoA;i + /ii). Such a choice better points out the continuity as t — )• but, in case ko = 0, ()3.60p 
is preferable to show the continuity properties of u. 

(ii) Assume now in addition that g G -^^^(0, 1). Since g{r) = 0{r) as r — )• +00, we may deduce 
that there exist m > and a continuous function g{r) such that 

g{r) < mr + g{r) Vr > , ^ G L"'^(0, 00) . 

Without loss of generality we can also assume that 1 < g{r) if r < 1, hence taking 7 > 
max{/io, ha} implies 

/lo + /lor" + hir < {ho + ha)g{r) + (/iq + /iq + /ii)r < 2^g{r) + (/iq + /iq + /ii)r, r > 0. 

Therefore, we deduce from (j3.56p 
(3.62) 

^^;7^ + (a + + c(f + /(f))) < (/5 + 6t) a [4A(a - l)f"-2 + f"-i5(f )] 
+(7 + ci){l + f'{r))mr + (7 + c£) 4A/"(f) + g{f)f'{f) + 35(f) + (/iq + /i^ + /ii)r . 

We define now f{r) as the solution of the ODE 

r 4A r (r) + 5(r)/'(r) + 3g{r) =0 r G (0, 00) , 
1/(0) =0, /'(oo)=0, 

which is nothing but 

f{r) = 3 (^e^ -l^dC, G(0 = 5(r)dr 

Moreover, since rg{r) = o(l) as r — t- 0, we still still use IdaSZD and we deduce, for some positive 
constant Lq, 

+ {a + bf" + c{f + /(f))) <{(3 + bi)Lo f" + (7 + ci)Lof + {ho + ha + hi)f . 

{T - ty 

As before choosing T' = 2^ we get 

^ +{a + hr" + Jcf ) < /3Lo f" + -fLor + (/iq + h^ + hi)r 

[1' — ty I I 

and we conclude choosing a = 0, 6 = 2Lo/3, c = 2(Lo7 + /iq + /la + /ii). 



Note that if fc^ = we can take /3 = 6 = 0, in which case we do not need anymore the assumption 
rgir) = o(l) as r O"''. 
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Recalling the previous conditions on /3 and {/3 = k^, j > ki), we have then obtained that 
for every t € [0, T'] and x,y £ 

\u{t,x) - u{t, y)\ < kQ + ka{l + 2Lot)\x - y\" + co(max{/io, ha, ki} + ct)\x - y\), 

where c = 2{Lq max{/io, ha, ki} + ho + ha + hi) and cq = 1 + /'(O) only depends on g, A. 
Next we iterate the estimate as in the previous case concluding that 

\u{t, x) — u{t, y)\ < ko + {ka + Lkat)\x — y\°' + co(max{/io, ha, ki} + MLt)\x — y\ 

where L = L{g, A, a, T), M = max(A;i, ho, ha, hi) and cq = co{g. A, a). 

Note that also in this case an alternative estimate can be obtained if we choose a = ho, 
b = 2{LQka + ha) (as before) and c = 2{LQki + hi). In this way we obtain the different estimate 

(3.63) \u{t,x) -u{t,y)\ < {ko + hot) + {ka + bt)\x - y\" + coiki + ct)\x - y\, 

for every t G [0, T'] and x, y E R^. This estimate may be interesting for small time t. m 

Remark 3.21. We explicitly point out that we also proved the alternative estimates (|3.6ip and 
()3.63p . namely that 

(3.64) \u{t, x) - u{t, y)\ < {ko + hot) + (/3 + bt)\x - yl" + co{ki + 2{Loki + hi)t)\x - y\ 

for every t G [0, T'] and x,y G M^, where Lq only depends on g. A, a, T and the constants 
/3, b are different according to case (i) or (ii); precisely, we have /3 = max{fca,fei} and b = 
2{Lo max{ka, ki} + max{ha, hi}) in case (i), while /3 = ka and b = 2{Loka + ha) in case (ii). 

Remark 3.22. Under the stronger condition that there exist M , L > such that g{r) < M + Lr 
for every r > 0, the above proof works even if X = 0, i.e., for a degenerate problem, providing a 
bound for the oscillation of u. 

More precisely, if ()3.50p and (|3.5ip hold with ka = and ha = 0, respectively, then u has 
bounded oscillation and 

(3.65) \u{t, x) - u{t, y)\<ko + Cot{ho + M{hi + ki)) + {ki + Cot{hi + ki))\x -y\), 

for any x, y G M^, t G [0, T], where Co = Co{T, L) > 0. 

The proof runs as above; taking 6 = /3 = and / = 0, and 7 = /ci, (|3.56p reads as 

^ + (a + cr) < {ki + ci)g{f) + /iq + hif 
{T - t)^ 

which implies, since g{r) < M + Lr, r > 0, 

, / + (a + cf) < {ki + ci){M + Lf) + ho + hif . 
{T - t)^ 

Choosing T' = we get 

e c 1 

+ (a + cf) < M {ki + — ) + {kiL + -c)f + /iq + hif 



{T' -t)^ ' ' - ' ^ 2L' ' ' 2 
and we conclude choosing c = 2{hi + kiL) and a = M{ki + j^) + ho. We obtain then 
\u{t,x) - u{t,y)\ < ko + at+{ki + {2hi + 2kiL)t)\x - y\) , x,y G M^, t G [0,r'], 

where a = M{2ki + ^) + ho, and next we extend the estimate in [0, T]. 

Notice that ()3.65p allows one to estimate the oscillation of u in terms of the oscillation of h 
and uq. If in addition we have M = (i.e., g{r) < Lr, r > 0), we also deduce that the Lipschitz 
continuity can be preserved if ho = ko = 0; in that case, uo and h globally Lipschitz imply that 
u{t) is globally Lipschitz. 
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Let US observe the following corollary of the above result. 

Corollary 3.23. Assume that 113. ^|) and i3. 3\) hold true and that ( [3.7| j holds in Qt with some 
non-negative g € C(0, +oo) such that g{r) is 0{r) as r ^ +oo and one of the two conditions 
(i) or (a) of Lemma \3.19\ holds. Let u € C {Qt) be a viscosity solution of 113. 1\) such that u is 
o[ip) in Qt- If data uq, h have bounded oscillation, then u has bounded oscillation and 

osc{u{t)) < K {osc(no) + t \osc{uq) + osc(o,T)(^)] } ) 

for every t G [0, T], where K = K{X, g, a, T). 

Combining Theorems 13.31 and Lemma 13.191 assuming the additional control of g at infinity, 
we obtain a global estimate for the case that the initial datum and the source term are possibly 
unbounded. 



Theorem 3.24. Assume that h3.2^) . h3. 3)) hold true, and, in addition, that there exists a non- 
negative g G C(0,+oo) such that g{s)ds < oo, g{r)r — )• as r — )• 0"*", g is 0{r) as r ^ +oo 
and \3. 7\ ) holds for every x, y G M^. 

Assume that uq, h satisy 113. 50\) and 113. 51]) . Let u G C{Qt) be a viscosity solution of Ii3. 1\) 



which is o{(p) in Qt, where ip satisfies i3.3\) . Then u{t) is Lipschitz continuous, for every 

t G (0,T), and, moreover, there exists c= c{T, X, g,a) > such that, fort G (0, T), 

(3.66) 

\\Du{t)\\^ < c \ -^2= + + fci + {VtJ^) {ho + h^{t A + h^VtKl) \ . 

The above estimate shows the sharp dependence in t of the Lipschitz constant of u[t) in 
terms of Lipschitz and Holder constants of mq ^-nd ^- For example, if /i = and uq is (possibly 
unbounded) a-Holder continuous on we can set ka = [iio]a ([^o]a denotes the a-Holder 
constant or the C"-seminorm of uq) and obtain with /cq = /ci = 

ct 

\\Du{t)\U < -^j^[uoU te{0,T). 

A similar estimate under stronger assumptions on the coefficients of the operator At (i.e., h = 
0, q > XI, Qij bounded, regular and Lipschitz continuous, b possibly unbounded and Holder 
continuous) was recently proved in |FGP101 Lemma 4] . 

Proof. Let to ^ (O;^)- By assumption, we estimate the oscillation of h as 

^o,5ih) := osc^fi, y^3j^) ^(/i) < /lo + ha6°' + hi5 . 
By Remark 13. 2 H thanks to the assumptions on uq and g, we estimate the oscillation of u as 

^o,s{u) ■= 0'SC^£a,TA^to),<5(^) - ^T{{ko + Mo) + {ka + hatQ)5" + {ki + hitQ)5} 



where Ct depends on T,g, A, a. Using Remark 13.61 with 5 = \/to A 1, we deduce 

L^p{u{to)) < C, { CTm + h,to) + {ka + Kto)6- + {k, + h,to)5] ^ ^^^^ ^ ^^^^ ^ ^^^^^ 

and we conclude ()3.66p . ■ 
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3.4. Possible extensions to coefficients with more general growth. We give here an 
extension of Theorem 13.31 to operators with more general growth, like for example 



(3.67) 



Atu = (1 + tr(g(t, x)D'^u) + b{t, x) ■ Du, 



where q{t,x) > XqI for some Ao > 0, qij{t,-) E C^{R^) (uniformly in t G [0,r]) for some 
a E (0, 1) and, say, b{t, •) is uniformly continuous (uniformly in time). 
Generalizing ()3.6p . we first consider positive numbers Xt x satisfying 



(3.68) q{t,x)C-C>Xt,x\^\^ {t,x)eQT, eGlK^^, 

and such that, for some A G (0,1), we have At^^^ > A, (t,x) G Qt- We write a{t,x,y) 
\J q{t, x) — (Xt^x A Xt^y)I to denote the symmetric N x N non-negative matrix such that 

(3.69) a^{t,x,y)=q{t,x)-{Xt,x/\Xt,y)I, t G (0, T), x, y G M^. 



Similarly, a{t, y, x) = ^/q{t,y) - {Xt,x A Xt,y)I. 

Theorem 3.25. Let At be given in 1^3^. Assume the same hypotheses of Theorem \3.3\ only 
replacing Jg. 7| ) with the following weaker condition 

1 / I I 2 

(3.70) 



^-r ( Jqitix) - {Xt,x A Xt,y)I - Jqit,y) - (Xt^x A Xt,y)I 
\x y\ \ ^ 

+ {b{t, x) - b{t, y)) ■ {x - y)) < A{Xt,x A Xt,y) go{\x -y\), 



x,y G M^, < |x -y| < 1, tG(0,r), 

for some go G C(0, 1;M+) H L^{0, 1) and some Xt^x satisfying i3.68]) . 

Let u G C{Qt) be as in Theorem \3.3[ Then u{t) is Lipschitz continuous and, setting G 

qSo 9ois)ds 



(3.71) \\Du{t)\\^ < ^(^^) oscrt ' - G 



{h) , t G (o,r). 



Note that, by taking Xt^x = A condition (j3.70p becomes (|3.7|) with g = 4:XgQ. 
Remark 3.26. A sufficient condition for (|3.7U|) in terms of qij is 



(3.72) 



1 



1 



x-y\ \2{Xt^x A Xt^y) 



\q{t, x) - qit, y)f + (6(t, x) - b{t, y)) ■ [x - y) 



< 2{Xt,x A Xt,y) ■ go{\x - y|), 
x,y G M^, < |x - y| < 1, t G (0,r). To see that (l3T2]) implies (|3T0l) . we notice that 



2 ^ — 



-/, and \ q{t, y) 



'-L > 



-L. Then, using (|3.12p . we have 



l{t,x) 



Xt :,: A A 



t,y 



< 



2 
1 



Xt,X A At,y ^ 



t.X 



A A; 



\q{t,x) - q{t, 



t,y 



and we obtain ()3.70p with and In conclusion, the statement (j3.7ip holds if we replace 
the condition (13:70]) with ([3:72]) . Note that the operator in (|3:671) satisfies ([3772]) . 
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Proof. According to Remark 13.21 there is no loss of generality in taking M = in 

As in the proof of Theorem 13.31 we fix Iq G (0, T) and consider 6 £ (0, 1] and the open 

set A = A(to,6) with the same notation. Also the function ^f:(t,x,y) is defined as in the 

previous proof. Arguing by contradiction, we assume that sup x, y) > and find that 

A 

u{t,x) — u{t,y) — z{t,x,y) has a local maximum at some {t,x,y) £ A. Applying Theorem 12.31 
we arrive again at formula (j3.20p . with matrices X, Y £ Sn which satisfy (j3.2ip for any N x N 

(q{t,x) c{t,x,y)\ 
is symmetric and non- negative, 
c (t, X, y) q[t, y) J 

Generalizing the choice of the coupling matrix in [PW06j . we choose (according to (j3.69p ) 



(3.73) c{t, X, y) = (^^q{t,x) - {\t,^ A Xt,y)I^ (^^q{t,y) - {Xt,^ A Xt,y)I^ 

+ (Ai,. A Xt,y) (l - 2 ® ) . 

V \\x-y\ \x-y\JJ 

Let us check that Q{t,x,y) is symmetric and non-negative. According to ()3.69p . we set 



J{t,x,y) = \Jq{t,x) - {Xt^r, A Xt,y)I \Jq{t,y) - {Xt,x A Xt,y)I = a{t,x,y)a{t,y,x), 

and we have Q{t, x, y) = Qi{t, x, y) + Q2{t, x, y), where 

fa{t,x,yf J{t,x,y)\ 
\J{t,x,y)* a{t,y,xf] ' 



Qi{t,x,y) 

and (we write p — 



\x-y\ I 

I {I -2p® 



Q2it,x,y) = {Xt,x A Xt,y) 



{I -2p®p) I 



It is clear that Qi{t,x,y) and Q2{t,x,y) are non-negative and so the same holds for Q{t,x,y). 
Recalling the definition of z we arrive at 



2Co(t - to) < Ktr {{q{i, x) + q{i, y) - 2c(t, f , y))£'V(t, x - y)) 
+ (6(t, x) - b{i, y)) ■ Dij{x -y) + u;o,s{h). 

tr {{q{t, x) + q{i, y) - 2c(t, x, y))D'^i^{x - y)) 
tr(A(t, X, y)) - ^|^A(t, X, y)p-p + /" (|x - y\)A{i, x, y)p ■ p, 

^(t, X, y) = q{i, x) + q{i, y) - 2c{t, x, y) 
= {(^{i, X, y) - a{i, y, x)f + 4(A£_^. A -) p(g)p, 

\^-y\ ' 



(3.74) 
We have 

where 

with p = ||5f|. We get 



tv{A{i,x,y)) = ||c7(t,x,y) -cj(t,y,£)f + 4(A,- AA,-) 
and A{t, x, y)p ■ p > 4(A£ ,g A A^^^) so that (recah that /' > and /" < 0) 

tr {{q{i, x) + q{t, y) - 2c(t, £, y))DV(i " v)) 
< <h,x A A,;^) f"i\x -y\) + hii,£,y) - a{i,y,xW- 
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From (|3.74|) . using (|3.7U|) we obtain then 

2Co(t - to) < mXi., A A,- {f"{\x - y\) + f{\x - y\) go{\x - y\)) + uJoAh)- 
Choose now / as the solution of (|3.3U|) with A replaced by 1/4, namely, 

/(r) = / e-^(«) [ e^Mdrd^, where G(e) = /(f ^oWdr . 

We get 

4(Af,£ A A,-) K < wo(/i) + 2Co(to - t) < uo^h) + Co^o, 

and since we have chosen Cq = ^'^"■^^"^ ^ we deduce 

'o 

ik,x^\y)to 4(A,-AA,-)- A to 4A ■ 

Therefore, if K is bigger than this bound we reach the desired contradiction, and we conclude 
as in the proof of Theorem 13.31 choosing 

^^j^^ K =-( + ^o.<5(^) _^ Aa;o,5(?^) 



X\ to 4 f{6) 

u 

Proceeding as in the proof of Theorem 13.251 all the results in Sections 3.1 and 3.2 concerning 
Lipschitz and Holder regularity can be extended replacing condition (|3.7p with the more general 
hypothesis (|3.70p (clearly, to generalize Proposition 13.91 and obtain (|3.38p one has to require 
that sg(){s) — t- as s — )■ O"*"). Below we only state a generalization of Theorem 13.121 concerning 
regularity of bounded solutions to Cauchy problems. 

On the other hand, we are not able to generalize the results in Section 3.3 replacing (|3.7p 
with (|3.7Up (in particular, we can not extend Lemma l3.19p . 



Corollary 3.27. Assume the same assumptions of Theorem \3.12l only replacing jg. 7p with the 
more general 70 ). Let u G C{Qt) be a viscosity solution of the Cauchy problem 13. 39\) such 



that uq := u{0, ■) is bounded on M and moreover u is o{<p) in Qt, where (p satisfies !i3.iA) . 

Then u{t) G 1^^'°°(M^), for every t G (0, T), and there exists Cq = Co{X,g), such that 
(3.76) 

\\Du{t)\\oc < Co -jl= + Vt7^ko + ki (^||no||oo + (rA^t)||/i||T,oo) +\/^7a||/l||^,oo|• 
4. Nonlinear equations 

Here we consider the fully nonlinear equation 
(4.1) dtu + F{t,x,Du,D'^u) = h{t,x) in Qt, 

where F is a real continuous function on Qt X X 

Sn CLnd h is a continuous function on Qt- 

4.1. Regularizing effect in terms of the oscillation of the solution. We start with the 
global regularizing effect which is proved in terms of the oscillation of a solution. To this purpose, 
we introduce a set of assumptions which generalize those of the linear case and cover interesting 
examples as the sup/inf of linear operators, as well as the case of nonlinear Hamiltonians. 

Hypothesis 4.1. There exist A > 0, M > 0, g > 1, cq, ci > 0, non-negative functions rj(t,x,y), 
oj : [0, 1] M+ such that lims^o+ uj{s) = and g £ C((0, 1);M+) n ^^(0, 1) such that 

F{t, X, fi{x - y),X) - F{t, y, /i(x - y),Y) > -Atr {X - Y) - /i|x - y\ g{\x - y\) 

(4.2) 

-(/^k - y\f (co + ci(/i|x - y\^Y'~^) Lo{\x - y\) - M - vr]{t,x,y) , 
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for any fi>0, u>0, 0<|x-y|<l, t e {0,T), X,YeSN: 

A few comments on Hypothesis 14.11 are in order. 

Remark 4.2. (i) To check that, in the hnear case, (j3.7p imphes (j4.2|) . we first multiply the 
matrix inequality (j4.3p by 

a{t,x)'^ a{t,x)a{t,y)\ 
a{t,y)a{t,x) cf{t,yf ) ' 
Then, taking traces, we deduce 

-T,{{q{t,x)X-q{t,y)Y) 

> -AIV {X-Y)- ^iTv {{a{t, x) - a{t, y)f) - i^Tv {q{t, x) + q{t, y) - 2X1) 

> -ATr (X - y) - fx\\{a{t,x) - a{t,y)\\^ - uri{t,x,y) , 
where rj(t,x,y) = Tr{q{t,x)) + Tr{q{t,y)) — 2XN. By (j3.7p we obtain 

-Tr {{q{t, x)X - q{t, y)Y) - fi[b{t, x) - b{t, y)] ■ {x - y) 

> -ATr {X-Y)- n\x - y\g{\x - y\) - v'q{t, x, y), 

hence (Oj) . 

(ii) Hypothesis 14.11 implies that F{t,x,0, X) is elliptic, at least assuming that g{s)s — )• as 
s — )• 0"^ (which is consistent with requiring that g is integrable). In that case, taking x = y we 
get 

(4.4) F{t, X, 0, X) - F{t, X, 0, Y) > -Atr {X -Y)-M - vr]{t, x, x), 

for every X, Y ^ Sm satisfying the matrix inequality. One can prove, as in |CIL92l Remark 

3.4], that \i X <Y , then X, Y + el satisfy such matrix inequality with /i = ^1 + ^^^^^ H^H and 

V = Q. Hence (|4.4p is satisfied by X, Y -\- e/, and letting e — t- shows that (|4.4p holds for any 
X <Y with v = Q. 

(iii) The terms with cq, ci account for possibly nonlinear terms in the function F which may 
depend superlinearly on the gradient. In particular, the term with cq includes typical terms with 
(at most) quadratic growth in the gradient, while the term with ci includes further terms with 
possibly larger growth. Similar kind of structure conditions are standard in the fully nonlinear 
framework (see, for instance, |IL90j . |CIL92j . |Ba08j ). Let us stress that, if the function g{s) 
satisfies sg{s) — t- as s — )• O"*" (as it is in most cases when g G L^{0,1)), we can assume that 
the function oj{-) which appears in those terms is only bounded, and therefore it could be dropped 
being absorbed by the constants Co,ci. This modification however requires a refinement of the 
proof below, since one needs first to prove an Holder estimate (of some order a, possibly small) 
and then obtain the Lipschitz bound in a second step. 

(iv) The above Hypothesis ST] is not meant to cover general situations of quasilinear operators. 
It is however possible to extend our approach to such situations (see e.g. jBaOlj . |Ch93j for 
similar general frameworks) , by suitably modifying Hypothesis 14.11 In order to avoid too many 
additional tehcnicalities, we decided to defer the analysis of the quasilinear case to the next 
future. 
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Remark 4.3. Hvpothesis l4.1l should be compared with the conditions under which, in a hounded 
domain VL, the Lipschitz regularity is proved in |IL901 Theorem VII. 1]. Even if we essentially 
adopt the method introduced there, assumption (|4.2p is a slightly more general condition. For 
simplicity, assume that F only depends on x and X. In that case, it is required in jlLQOJ that 

\F{x,X)-F{y,X)\<^l{\x-y\)\\Xl x,yen, X e Sn, 

for some non-negative function fi{s) such that ^ G -^^^(0, 1). When specialized to the linear case, 
this assumption is satisfied if 

\\q{x) - q{y)\\ < - y\) . 
On the other hand, since q{x) > XI, the previous inequality implies 



\Wq{x) - A/2 - - A/211 < C^(|x - y\), 



which corresponds to our assumption ()3.7p with a{x) = \J q{x) — A/2, 6 = and g{s) = — j^. 
Since our result only requires that ^ G rather than ^ G L^, there is a small improvement (ex. 
we can afford fi{s) = jj^^j^)- In fact, it is known that assumptions involving the whole matrix 
inequality satisfied by X, Y (like Hvpothesis l4.ip may yield finer results rather than assumptions 
made at fixed X (see also [Ba91l Section III.l]). This is the typical case in uniqueness results, 
and so is the spirit of Hvpothesis 14.11 for the Lipschitz estimates as well. We refer to Subsection 
4.4 for a result concerning the local Lipschitz regularity under similar assumptions. Of course, 
in bounded domains we would need an extra assumption concerning the boundary behaviour in 
order to obtain global estimates up to the boundary. 

Let us proceed towards the formulation of a general result. In order to take care of the 
behaviour at infinity, we need to make extra assumptions; as in Section 2, we require the 
existence of Lyapunov type functions, suitably related to the growth of F. More precisely, we 
assume 

Hypothesis 4.4. For any L > 0, 3 (p = (fi e C^''^{Qt) , eo = (^o{L) > : 
' edtip + F{t,x,p + eDip,X + eD^ip) - F{t,x,p,X) > 

for every {t, x) G Qt, p G M^; \p\ < L + e\Dip{t, x)\, X G Sjsf, and every e < Eq 
ip{t,x) —7- +00 as \x\ — )• oo, uniformly for t G [0, T]. 

We refer to Subsection 4.5 for examples of operators satisfying Hypotheses 14.11 and 14.41 in- 
cluding the case of Bellman-Isaacs operators, and a discussion concerning the case of nonlinear 
Hamiltonians. In particular, we will see that in the linear case such assumptions reduce to ()3.7p 
and ()3.3p which were made in the previous section. We have then the following nonlinear version 
of Theorem 13.31 



Theorem 4.5. Assume that F{t,x,p, X) satisfies Hypotheses \4-l\ and \4.4\ Let u G C{Qt) be a 
viscosity solution of Moreover, assume that u and h have bounded oscillation (see 112. 

Then u{t) G W'^^°^{W^t G (0,r), and 

(4.5) \\Du{t)\\^ - ^ 



where C depends on osc^t j,^3^-^{u), osc^t rp^3^-^{h), X,g,M,q, cq, c\ and uj (cf. Hypothesis 
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Proof. As in the proof of Theorem 13.31 with the same notation, we define 

X, y) = u{t, x) - u{t, y) - Kf{\x - y\) - e {^{t, x) + ^{t, y)) - Co(t - to)^ - 
= u{t, x) - u{t, y) - z{t, X, y), 

where ip{t,x) is the Lyapunov function given in Hypothesis 14.41 corrisponding to some constant 
L > to be fixed later. Arguing by contradiction, we deduce that $e has a positive local 
maximum at {t,x,y) G A = A{tQ,6) provided 

(4.6) ^° = ^^' ""--mT' 

where ujq^s{u) = osc^ta ^-^Sj^^ si"^)- Since u is a viscosity solution of (|4.ip . we end up with 

+ 2C7o(t -to)+e {dMi, x) + OMi, y)) + x, KD^{x - y) + e Dip{i, x),X) 
-F{i, y, KDtl;{x - y) - e Dip{i, y),Y) < h{i, x) - h{i, y), 



where = f{\ ■ |). Therefore we obtain 
(4.7) 



+ 2Co{i - to) + F{i, X, KDi^{x -y),X-e D^y,{i, x)) 



-F{t, y, KD^{x -y),Y + e D^{t, y)) < ujo^s{h) + Is{^{t, x)) + Ie{v{t, y)), 
where wo,5(/i) = osc^to^ TA^to) ^"^^ where 

Ze{^{i,x)) = -edt(f{i,x) + F{i,x,KD'4){x - y), X - e D^ip{t,x)) 
-F{i, x, KD'4){x -y) + e Dip{i, x),X) 

and similarly 

lei^ii, y)) = -e dMi, y) + F{i, y, KDil,{x - y) - e D^{i, y),Y) 
-F{i y, KD^{x -y),Y + e D\{i, y)). 

Observe that the matrix inequality (|3.18p implies (see also ()3.23p ) 
(4.8) 

f X - eD^(p(i,x) \ f D'^Mx-y) -D'^Mx-y)\ 1 ^ . 

o ^ <^ o . \+-{D^z{t,x,y)y 

\ -{Y + eD^^{t,y))) ~ \-D^{x-y) D'^{x - y) J 

Note that 

n n \0 1 1 

for some positive function 6^ (independent on n), and, moreover, using (j3.25p and the concavity 
of /, we have 

KD^ijix-y)<K^^^^L 
\x - y\ 







f C 
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Since for matrices B,C £ Sn, the inequality B < C implies 
can use Hypothesis 14.11 with fi = [i^f^^ ^ ~ ^'^i^^'V) estimate 

F{i, X, KDiPix -y),X-e D^ip{t, x)) - F{t, y, KD^{x -y),Y + e D^ip{t, y)) 

> -Atr {X - e D^^ii x) - {Y + e D^^{i, y))) - Kf'{\x - y\) g{\x - y\) 

- {KfWx - y\)f (co + ci {KfWx - y|) |x - y\f-^) uj{\x - y\) - M - £, y) 

(recall that Dip{x — y) = [l-"^f^^ ~ v))- ^n the other hand, since max$e > 0, we deduce 
that 

Kf{\x - y\) < u{i,x) - u{i,y) < ujqA'^)' 
hence we get, since / is concave, 

Kf'{\x-y\)\x-y\<uo4u). 

Therefore we obtain 

Fii X, KDiPix -y),X-e D^ip{i, x)) - F{i, y, KD^{x -y),Y + e v)) 

> _Atr (X -eDMi, - {Y + eD\{i, y))) " Kf^x - y\) g{\x - y\) 
-K^ (/'(|x - y\)f (CO + ci {u:,,s{u)r-'M\x - y\) - M - r^{i, x, y). 

Now we multiply ()4.8p by the coupling matrix 



which is non-negative and we take traces. We obtain (using also 

tr (X -eD^ipii, x)-{Y + e D^^{i, y))) < 4Kf"{\x - y\) + ^^Mvl 

hence 

F{i, X, KDiPix -y),X-e D^ip{i, x)) - F{i, y, KD^{x -y),Y + e D^ip{i, y)) 

(4.10) > -4\Kf"{\x - y\) - Kf'i\x - y\) g{\x - y\) - ^-E>lMMl 

-K^ (/'(|x - y\)f (CO + ci My^)f-'M\x -y\)-M- ry(t, x, y). 

Thus ()4.7p implies 

+ 2Co(t - to) < 4XKf"{\x - y\) + Kf'{\x - y\) g{\x - y\) 

(4.11) (f(\x - y\)f (CO + ci {iooA^)yM\^ -y\) + M + £, y) 

_^2Nxe^Ml + ^Q^,(/,) +X,(c^(i,x)) +X,{^{iM- 
We choose / as the solution of (j3.29p and we obtain 

+ 2Co(£ - to) <-K + K^ {f'{\x - y\)f (co + ci {uJo,6{u)f-^M\x - y\) + M 
+ X, y) + ^-E^^^ + uo,s{h) + Z,{^{i, x)) + Z,{^{i, y)). 
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Recall that / satisfies f{5) > |^ and /'(O) < C2S, where C2 = ^e^-^ 9{s)ds_ Now, due to the 
presence of {f'{\x — y|))^ (cq + ci {ujQ^s{u)y^^)uj{\x — y\) we do not continue exactly as in the 
proof of Theorem 13. 3[ We first fix 

^= 52 ' 

so that K satisfies (|4.6p : we will choose 6 later. Then we estimate 

- ^1))' (CO + ci {uoAu)r-'M\x - y\) < cl 5\c, + ci M^)y^^)u:{\x - y\) 
<KCuQ^s{u){l + {uj^,5{u)f-^M\x - y\). 
Since limj,_j.o+ a;(r) = 0, there exists 5q (depending on u and bjQ^{u)) such that 5 < 5q implies 

(/'(l^ - y\)f (CO + Cl Mu)Y~^)u:{\x - y\) < ^. 

Therefore we get 

+ — IT? ^ CQtQ+M^ r](t,x,y)^ ^uJo,5[h)+Is{ip{t,x))+Ie[ip[t,y)). 

2 [T — ty n n 

Choosing again 5 small enough we obtain -y > Coto + M + ujQ^^{h). Indeed, recalling the value 
of Co (see ()4.6p ) and that K = 5^fi!o^M^ \i enough to take 



^^f I A to a;o,g(n) \ ^ 

- Vy 4a;o,5(n) + Mto + wo,5(/i)to ^ °' 

This means that we can choose 5 = Ca-v/to A 1 for some constant C3 = C3(5o, wo,(5(^); 9i ^1 
Co, Cl); recall that ujo^si^) < osc^t j,^3^-^{u). Finally, since K is now fixed, we use Hypothesis 

4.41 with L = Kf'{0), which allows us to deduce that Xe((/9(t, x)), Iir{if{t,y)) < 0. In this way, 
we get for, < e < eo{L), 

e ^eS,x,y)^^^^^^^^^2NXe^ii,x,y) 



{T-ty n n 

Letting n — )• 00, we get a contradiction. Continuing as in the proof of Theorem 13.31 we obtain 

|'u(to,x) - u{to,y)\ < Kf\0)\x -y\ < C2K6\x - y\, \x - y\ < 6 . 
The proof is complete. h 

Now we consider a similar regularizing effect but concerning the Holder continuity of solutions 
(i.e., the extension of Proposition 13. 9p . In this case we still assume the structure condition of 
Hypothesis 14.11 but replacing the condition g G L^{0, 1) with limg_s.o+ sg{s) = 0; moreover, we 
do not need any more the modulus of continuity oj{\x — y\) in the super linear terms (see also 
Remark [12] (iii)). 

Hypothesis 4.6. There exist A > 0, M > 0, q > 1, co > 0, ci > 0, non-negative functions 
r]{t,x,y) and g £ C((0, 1);M_|_) satisfying lim5_j.o+ sg{s) = 0, such that 

^^^^ ^' " ^) " ^' '"(^ " ^) - "^^'^ i^-Y)- f^\x - y\ g{\x - y\) 
-(^|x-y|)2 (co + ci(^|x-y|2)9-i) - M - i^r]{t,x,y) , 



for any fi> 0, I' >0, x,y G , < |x - y| < 1, t G (0,T), X,Y gSn satisfying (g^). 

We also need to replace Hypothesis 14.41 with the following stronger one, which accounts for 
the fact that solutions will possibly have unbounded gradient. 
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Hypothesis 4.7. 3 99 G C'^^'^{Qt) , eo > ; 

'£dt(p + F{t,x,p + eDip,X + eD'^ip) - F{t,x,p,X) > 
< for every {t, x) G Qt, p G M^, X G Sn, and every e < Eq 

^ip{t,x) — )■ +00 as \x\ — )• 00, uniformly for t G [0,T]. 
Proposition 4.8. Assume that F satisfies Hypotheses\4-6\and\4. 7| Let u G C{Qt) be a viscosity 



solution of Moreover, suppose that u and h have bounded oscillation. Then u{t) is a- 

Holder continuous on M^, for any a G (0, 1), and moreover 

(4.13) \u{t,x)-u{t,y)\<j^^^\x-yr, 

x,y G M^, \x — y\ < 1, t £ (0,T), where C depends on a, osc^t_ j,^3^^{u), osc^i T/\^t)i^)' 
A, g, M, q, cq and c\. 

Moreover, if we replace lim^_j.o+ S9(s) = with the condition limsup3_j.o+ sg(s) < 4A, then 
there exists some a = a{ osCf^i j./^3^)(ti), osCf^i j^^a^-^{h), X, g, M,q,co, ci) G (0,1) such that 
(Jl^ holds. 

Proof. We proceed as in the proof of Theorem 14.51 (see also the proof of Proposition 13. 9p . The 
main difference is that we consider f{s) = s° and take 6 < 61 < 1 such that sg{s) < 2A(1 — a) 

if s < (5i. We also fix K = Being / increasing and concave, we arrive again at the 

inequality (|4.1ip . which implies 



e 



+ 2Co{i -to)<aK\x- y^-^ (4A (a - 1) + |x - y\g{\x - y\)) + ^oA^) 



(T - ty 

{f'{\x - y\)f (CO + ci Mu)r-') + M 

H r]{t,x,y) H \- Is{(p{t, x)) + Iei(pit,y)). 

n n 

Hypothesis 14.71 implies that l£{ip{t, x)),Ic{ip(t,y)) < 0. Dropping these two terms and letting n 

go to infinity, we deduce 

+ 2Co{i -to)<aK\x- (4A (a - 1) + |x - y\g{\x - y\)) + LOo,sih) 

[1 t) 

{f'{\x -y\)f (CO + ci M'^)f-^) + M . 

Since |x — y| < 5 < 5i, we get 

aK\x- yr"^(4A {a-l) + \x- y\g{\x - y\)) < 2A a{a -l)K\x- 
Using the precise choice of K and that |x — y| < 5, we have 

(4.14) [n\x - y\)f < Kuj^A^)^o?\x - y\^^~^ < i^^o,5(n)a2|x - y^-^ 
Therefore, if a is small enough (eventually depending on the oscillation of u), we have 

(4.15) (^/(i^ _ ^|))2 ^ (^0 .(n))*?-!) < Aa(l - a)K \x - yp-^. 
It follows that 

— ^ + A a(l - a)K \x - yj^-^ < 2Co(to - i) + ^oA^) + M . 
[T-ty 

Recalling the values of Cq and K, and since |x — y| < 5, we obtain then 
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We can choose now 6 small enough so that A a(l — a) 6~^uJo,5(,u) > ujQ^s{h) + + M and we 

get a contradiction. To this purpose, it is enough to consider 



(4.18) ^<(. )A^.. 



4ujo^s{u) + Mto + ujo{h)to 
Continuing as in the proof of Theorem 14.51 we obtain 

\u{to,x) - u{to,y)\ < — \x-y\ , \x - y\ < d . 

Taking into account (j4.16p we find the assertion, which is now proved for a sufficiently small. 
We repeat now the same scheme with any a < 1; knowing that (j4.13p holds at least for a small, 
we estimate the oscillation of u as 

for some (small) oq > 0, possibly depending on the oscillation uJo^i{u). Note that 5 < Cs^/tQ A 1 
for some constant C3 = C3{uJo^siu), X,g,M,q, cq, ci, a). 
Now (|4.14p implies 

K' {f'{\x -y\))'< KuoA^^)a'\i " yl""' < ^J^^XTj^^ "''^ " ' 

and we deduce again that (|4.15p holds true provided ^^^^^ is sufficiently small. We conclude 

then as before and obtain the estimate ()4.13p for every a < 1. 

To prove the last statement, we set 7 = limsupg_j,Q+ sg{s) and proceed similarly. First we 
choose a G (0, 1) such that o" = 4A (1 — a) — 7 > 0. Then we obtain, for \x — y\ < 5 < 61, 

aK\x-y\''~^{4X{a-l) + \x-y\g{\x-y\)) < -cr K |x - 

Next, we proceed as before and obtain the assertion. h 

Remark 4.9. It follows from the proof of Theorem 14.51 that if cq = ci = in Hypothesis 14.11 
then estimate (j4.5p becomes: 

(4.17) ||L>n(t)||oo < w(t,n)+ C2\/t7a (a;(t,/i) + M), t £ {0,T), 

Vt A 1 

(as in ()3.8p ) . Note also that if cq = ci = we have (cf . Remark 13. 6p : 

(4.18) L^piuito)) < C, 6 + u^oAh) + M+ , 

where Cx only depends on A and g. 

Similarly, if cq = ci = in Hypothesis 14. 6l then estimate ()4.13p becomes as p.38p (with uj(t, h) 
replaced by w(t, h) + M). 

4.2. The case of bounded data and solutions. As a first application of Theorem 14.51 and 
Proposition 14.81 to the Cauchy problem 



dtu + Fit, X, Du, D^u) = h{t, x) 
u{0,-) = no. 



(4.19) 

we consider the easier case in which uq is bounded on M^^, and h is bounded on Qt- Recall that 
a viscosity solution to (|4.19p is a function u E C{Qt) which is a a viscosity solution to (|4.ip and 
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satisfies u{0, •) = uq. We also assume, which is no loss of generality (up to adding a term to the 
right hand side h{t,x)) that 

(4.20) F{t, X, 0, 0) = , for any (t, x) € Qt- 

Note that if F satisfies (|4.ip and F{t,x, 0,0) has bounded oscillation, then F = F{t,x,p,X) — 
F(t,x, 0,0) satisfies (|4.ip and ()4.20p . The following lemma, based on the Lyapunov function 93 
(cf. Lemma |3. lip , ensures the boundedness of solutions. 

Lemma 4.10. Assume [f2U\ ) and Hypothesis \14\ Let h G C{Qt) n L°^{Qt)- Let u £ C {Qt) 
he a viscosity solution of \4-^^ such that uq := n(0, •) is bounded on and moreover u is o{ip) 
in Qt, where (p satisfies Hypothesis \4-4\ Then u is hounded on [0, T] x and 

(4.21) ||^^(i)lloo < lluolloo + t\\h\\T,oo, t G (0,r), 
vjhere ||/i||t,oo = supjgp^-r] \\h{t)\\oo. 

Proof. Let us consider, for e > 0, 

fe{t,x) = u{t,x) - e(p{t,x) - jT—^ - \\uo\\oo " i||^||T,oo- 

If for any e > 0, we have fe{t,x) < 0, then, letting e — )• 0"'', we deduce u{t,x) < ||no||oo +i||^||T,oo- 
Arguing by contradiction, suppose that, for some e > 0, sup fe{t,x) > 0. Since u = o{(p) 

[0,T)xR^ 

this sup is a maximum attained at some point (te,^;^). Note that G (0,r) and so (i£,Xe) is a 
local maximum. By definition of subsolution we have 



(4.22) ||/i||t,oo + frj^^^Y + ^dtifite, Xe) + F{t^, Xe,eDip{t^,Xe),eD'^ip{t^, X,)) < h{t^,x^ 



Using Hypothesis 14.41 with p = and X = 0, and thanks to (|4.20p . we deduce 

||/i||t,oo + ^j.^^ p < h{t„Xe) 

which yields a contradiction. To obtain the opposite inequality, i.e., u(t,x) > —\\uo\\oo — t\\h\\T,oo, 
we introduce ^ 

ge(t,x) = u{t,x) +eip{t,x) + Y~t ^ ^ *II^IIt,oo, 

and we suppose that, for some e > 0, min gJt,x) < 0. Let (te,Xe) be the point where this 

[o,T)xm 

minimum is attained. Considering now u as a supersolution, we get 

-||^||t,oo - ^rp ~ ^^tV'(*e, Xe) + F{te,Xe, -E Dip{t^, X^) , -E ip{te, X^))^ > h{te,X^). 

Using Hypothesis 14. 41 with p = —eD(p{t^,x^) and X = —eD'^ip{t^,Xe), and using ()4.20p . we obtain 
again a contradiction, and then we conclude. ■ 



Using Lemma HTTOl we immediately obtain from Theorem 14.51 and Proposition] 

Corollary 4.11. Assume [4^20) and suppose that h G C{Qt) H L°°{Qt)- Assume also that uq 
is bounded on M^. Let u G C{Qt) be a viscosity solution of l^.i^D which is also o{(p) in Qt- 
We have the following statements. 



i) Lf Hypotheses \Jl\and\J^ hold, then u{t) G VFi'°°(M^), t G (0,r), and 17731 ) holds with 
constant C depending on ||no||oo, ||/i||t,oo; ^,g,M,q, cq, ci and to (cf. Hypothesis \4-l\)- 



^ a 

hesis \4-l^ - 

ii) If Hypotheses \4^ and \4^ hold, then u(t) is a-Holder continuous on M^, for any a G (0, 1), 
and ^.L3\ ) holds with a constant C depending on a, ||tto||ooj ||^||t,oo) ^,g,M,q, cq and ci. 

Moreover, if in Hypothesis \4.6] the function g only satisfies limsupg_^o+ ^di^) < 4A, then there 
exists some a = q;(||mo||oo, ||^||t,oo) A, M, cq, ci) G (0,1) such that ^4-1^ holds. 
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Remark 4.12. Similarly to Remark 14.91 if cq = ci = in Hypotheses 14.11 and 14.61 then the 
previous global estimates of i) and ii) become like (j3.42p and (|3.48|) respectively. 

Remark 4.13. The previous result can be proved in more generality in order to provide a 
nonlinear version of Theorem 13.121 and Proposition 13.161 Recall that these results also contain 
the case of unbounded potential terms V which is not covered in Corollary 14.111 

Let us only show how to generalize (i) in Corollary \4-ll\ to the case when F depends also on 
u, namely for the Cauchy problem 

(4.23) dtu + F{t,x,u,Du,D'^u) = Q inQr, u{0) = uq . 

More precisely, we show how to extend Theorem to the nonlinear setting. 
As before we may assume that F{t, x, 0, 0, 0) = 0. In addition, we assume that 

(4.24) F{t,x,u,p,X) > F{t,x,v,p,X) > v , {t,x) € Qt,u,v € R,p e , X € Sn ■ 

Hypotheses 14.11 could be generalized as follows: there exists A > 0, q > 1, co,ci,kQ > 0, 
7^, Mr > 0, non-negative functions r]{t, x, y), V{t, x), oj : [0, 1] — >• M_|_ such that lim^_j.o+ u^s) = 
and g G C((0, 1); M+) n ^^(0, 1) such that 

F{t, X, r, ii{x - y),X) - F{t, y, s, /i(x - y),Y) > -Atr {X -Y) - fi\x - y\ g{\x - y\) 

(4.25) -{fx\x - 2/1)2 (co + ci{fi\x - yl^)""^) uj{\x - y\) 

+-fR{V{t,x) V V{t,y)){r - s) - Mr{1 + ko\x - y\{V{t,x) V V{t,y))) - uv{t,x,y) , 

for any ^ > 0, > 0, x,y e : < \x - y\ < 1, t e (0, T), r, s G M: -R< s <r < R, R> 0, 
and X,Y £ Sn which satisfy (|4.3p (we have set a V 6 = max{a, b), a, 6 G M). 

One can easily check that (|4.25|) is satisfied in the linear case considered in Theorem 13.121 
Finally, Hvpothesis 14.41 has to be generalized as follows: for any L > 0, 3 ip = (pi € C'^{[0,T) x 
, £0 = eo{L) > 0: 



(4.26) edtf + F{t,x,r,p + eDip,X + eD'^ip) - F{t,x,r,p,X) > 0, 



for every {t,x) G Qt, P G R . \p\ < L + e\D(p{t,x)\, X G Sn, r G M, and every e < eo, with 
(p{t,x) — >■ +00 as \x\ — )• 00, uniformly for t G [0,T]. 

To treat the Cauchy problem (j4.19p when F depends also on u, we first note that, replac- 
ing Hypotheses 14.11 and 14.41 respectively with (|4.25p and (j4.26p . one can still prove Lemma 
I4.1(J[ To this purpose, the only modification is that one uses (|4.26p together with (|4.24p and 
F{t, X, 0, 0, 0) = in order to deduce that 

edtip{t^,Xe) + F{te,Xe,u{t^,x^),eDip{te,Xe),eD^ip{t^,Xe)) > 0, 

and, of course, a similar argument for the lower bound. 

Then, we observe that the proof of Theorem l4. 51 still works with small changes under condition 
()4.25p . Recall that here we are assuming that uq is bounded and so by Lemma [4. 101 the solution 
u is also bounded, which makes possible such a variation. Indeed, we use ()4.25p with R = 
ll^^olloo + T'll^llr.oo, = u{t, x) and s = u{t, y). Then (|4.1Up now becomes 

F(t, £, u{i, x), KD^{x -y),X-e D^ip{i, x)) - F{i, y, u{i, y), KDtP{x -y),Y + e D^ip{i, y)) 
> -AXKnix - y\) - KfWx - y\) g{\x - y\) - (f (|x - yl))^ (cq + ci {LOoAu)r~'M\x - y\) 
+jR{V{i, x) V V{i, y)){u{i, x) - u{i, y)) - Mr{1 + ko\x - y\{V{i, x) V V{i, y))) 
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Choosing / as the solution to (|3.44|) . which satisfies /(r) > ^r, we use that {u{t, y) — u{i, x)) < 
—Kf{\x — y\) and it fohows 

+ 2Co{i - to) <-K + K^ {f{\x - y\)f (cq + ci{2R)i-^M\x - y\) 



-IR KUV{t, x) V V{t, y)) + Mr(1 + ko\x - y\{V{t, x) V V{t, y))) 
^eAt^ X, y) + '-^MdhiM + + x^(^(t, £)) + y)). 

Choosing K > ^ , we drop the terms with the potential V and next we continue as in the 

proof of Theorem 14.51 Let us just notice that the terms with I^{ip(t, x)), I^(ip(t,y)) are dealt 
with now using (|4.26|) with no additional difficulties. 

4.3. Unbounded data: estimates on the oscillation of the solutions. We consider now 
the Cauchy problem (|4.19p in the case that the initial datum uq is not necessarily bounded. The 
first goal is to obtain estimates on the oscillation of viscosity solutions, so that Theorem 14. 5 1 or 
Theorem 14.81 can provide a full estimate only depending on the data. To this purpose we will 
assume that h and uq have bounded oscillation and we will need to modify Hypotheses 14.11 or 
14.61 bv requiring some additional condition when \x — y\ is large. Hence Hvpotheses 14.11 or 14.61 
are modified in the following way. 

Hypothesis 4.14. There exist A > 0, Mq,Mi > 0, q & (1)2), cq, ci > 0, non-negative 
functions r]{t,x,y), oo G C(M+;M+) which is hounded and satisfies lim^_j.o+ t<;(,s) = and g G 
C((0, +oo); IR+) n -L^(0, 1) which is 0(r) as r ^ +oo, such that 

F{t, X, fi{x - y),X) - F{t, y, ^(x - y), Y) > -Atr {X-Y)- fi\x - y\ g{\x - y\) 

-(/^k - (co + ci{n\x - yp)^~^) Lo{\x - y\) - Mq - Mi\x - y\ - ur]{t,x,y) , 

for any fi> 0, u>0, x, y G , t G (0, T), X,Y e Sn satisfying (g^j. 

Hypothesis 4.15. There exist A > 0, Mo,Mi > 0, q £ (li2), cq, ci > 0, a non-negative 
functions r]{t,x,y) and g G C((0, +cxd); ]R_|_) which is 0(r) as r ^ +oo and satisfies g{s)s — )• 
as s — 7- O"*", such that 

F{t, X, fi{x - y),X) - F{t, y, fiix - y),Y) > -Atr {X-Y)- fi\x - y\ g{\x - y\) 

-{lj,\x-y\)^ (co + ci(;u|x - - Mq - Mi\x - y\ -urj{t,x,y), 

for any ^1 > 0, u > , x, y G , t G (0, T), X,Y e Sn satisfying g^). 



As a first step, we need the following growth estimates which generalize Lemma [3.19[ This result 
only requires Hypothesis I4.15[ On the other hand. Theorem 14. 181 will also use Hvpothesis 14. 14[ 

Lemma 4.16. Assume that uq, h satisfy \3. 50|] and 113. 51\) . respectively. Let u ^ C {Qt) be a 
viscosity solution of {4.19^ such that u is 0(99) in Qt. Then we have: 

(i) If Hypotheses \4-15\ and \4. 7| hold true, then u has hounded oscillation and there exists Ct 
such that 

(4.27) \u{t,x)-u{t,y)\<CT[l + \x-y\), x, y G M^, t G [0, T], 

where Ct depends on T, g, A, a, q, cq, c\, Mq, M\ and ki, hi, for i = 0, a, 1. 

(a) If Hypothesis \4^T5 holds replacing the condition lim^_^o+ g{s)s = with g G L^{^, 1), and 



if Hypothesis \4-4\ holds true, then u has bounded oscillation and satisfies li4-2'} ) 



(Hi) Assume Hypothesis 'J7T5 with cq = ci = and Hypothesis \4-4\ Then u satisfies the 



same estimate in (i) of Lemma \3.1!A If Hypothesis holds and we have, in addition, that 



LIPSCHITZ REGULARIZING EFFECTS FOR PARABOLIG PDES 39 

g G L^(0, 1), then u satisfies also the estimate (ii) in Lemma l^.i^ Moreover, estimate Jg. 64 ) 
holds for u. 

Remark 4.17. If Hypothesis 14.151 holds with cq = ci = 0, this means, roughly speaking, that 
the nonlinear terms in the function F have at most linear growth with respect Du. As mentioned 
in (iii), in this case the conclusion of the above Lemma is much stronger since it coincides with 
the conclusion of Lemma 13.191 In particular, we have conservation of the Lipschitz, or Holder, 
continuity from uq to u{t) if cq = ci = 0. 

Proof. We essentially follow the proof of Lemma 13.191 For T' < T, let us set 

(4.28) A = {{t,x,y) £{0,T')xR^ xR^} 
and define the function 

(4.29) $,(t, X, y) = u{t, x) - u{t, y) - f{t, \x - v\) - e {ip{t, x) + ip{t, y)) - ^^^^ , e > 0, 

where Cq, T' > will be chosen later and where 

f{t, r) = {ko + at) + {(3 + bt)r^ + (7 + ct){r + />)), 

where a,b,c,l3,^ > and /(r) G C^(0,oo) is a nondecreasing concave function with /(O) = 0, 
to be fixed later. We prove that, independently on e, it holds 

^,{t,x,y)<0, {t,x,y)€A. 

Arguing by contradiction, as in Lemma [3.19l we deduce that $e has a local (and global) positive 
maximum at some point {t, x,y) G A and clearly x ^ y since the maximum is positive, and 
t < T' . Assuming that 

(4.30) P>ka, 7>ku 

we deduce that the maximum cannot be reached at t = thanks to ()3.50p . Since u is a solution, 
proceeding as usual and setting ^p(t, x — y) = f{t,\x — y\), we end up with 

j^^j^ + (a + b\x - + c{\x -y\+ f{\x - y\)) 
+e {dt^{i, x) + dMi, y)) + F(t, x, Di){i, x - y) + e D^{t, x),X) 
-F{i, y, D^{i, x-y)-e Dip{i, y),Y) < h{i, x) - h{i, y), 

where X, Y satisfy (|3.18|) with z = f{t, \x — y\) + e {ip{t, x) + ip{t, y)) + jr—j:- Therefore we obtain 
(4.31) 

^^7^ + (a + b\x - + c{\x -y\ + f{\x - y\)) 
+F{i,x,D'4){t,x - y),X - e D^ip{i,x)) 
-F{i,y,DiP{t,x-y),Y + eD'^ip{i,y)) < h{i,x) - h{i,y) + X,((^(t, £)) + X,((^(t, y)), 

where 

Ie{ip{t, x)) = -e dtip{i, x) + F{i, x, DiP{t, x-y),X-e D^^p{i, x)) 
-F{i, x,Dtp{t,x -y) + £ Dif{i, x) , X) 

and 

Xei^ily)) = -e dMt,y) + F{i,y,DiP{t,x - y) - e Dip{i,y),Y) 
-F{i, y, Di;{t, x-y),Y + e D^ip{i, y)). 
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Since f{t,-) is increasing and concave, as in the proof of Theorem 14.51 we can use (j3.18p and 
Hypothesis 14.151 with fi = ^ (we have set dxf = f and d'^^f = f") and we get 

F{t, X, D^Pit, x-y),X-e D^ip{i, x)) - F{t, y, D^P{t, x-y),Y + e D^ip{i, y)) 
> _Atr {X - e D^ifii x) - (Y + e D^ip{i, y))) - fit, \x - y\) g{\x - y\) 

- ini, \x -y\))' (co + ci (/'(£, \x - y|)|x - - Mo - M,\x - y\ - r?(t, x, y), 

for some positive quantity 9e{t,x,y). As in the proof of Theorem 14.51 we estimate 

tr {X -eD^^ii x) - {Y + eD^^{i, y))) < Af"{i \x - y\) + m^Mvl . 
Therefore, setting f = \x — y\ and using the growth of h, we deduce 

+ (a + + c(f + /(f)) < 4 Xf'ii, r) + f'{i, r) g{f) 



(4.32) {f'{i,f)y [co + ci{f'{i,f)fy '"j+M^ + Mir + ho + Kf^ + hir 

(2iVA + X, y)) + X,((^(t, £)) + y)). 
We spHt henceforth the proof in the two cases (i) and (ii). 

(i) Assume that g{r)r — t- as r — ?• 0"*" and that Hypothesis 14.71 holds. Thanks to this latter 
assumption we have Is{ip{t, x)), Is{ip{t, y)) < 0. We take / = 0; dropping the latter non-positive 
terms and letting n — )• oo, and using the precise form of f{t, r), we find from ()4.32p 

+ (a + 6f° + cf ) 



(T'-t)2 

< (/3 + bi) [4Xa{a - l)f"-2 + ar'^-'^g{f)] + (7 + ct)g{r)+ 
{f'ii f ))' (co + ci {fit, f)fy^') + Mo + ho + h^f" + (/ii + Mi)f . 



Henceforth, if cq = ci = 0, one can follow the proof of Lemma 13.191 only replacing ho with 
ho + Mq and hi with hi + Mi, and obtaining the same kind of estimate. Assume instead that 
Co or ci are positive. We take b > c and /3 > 7; as in the proof of Lemma 13.191 we have that 
there exist tq < 1 and Lq > such that 

(/3 + bi) [4Aa(a - l)f"-2 + ar°'~'^g{f)] + (7 + ci)g{f) 
< -2a(l - a)X^r''-^X{r<ro} + iP + bi)aLof'^ + (7 + ci)Lor 
so that, if we fix T' = we have L^i < 1/2 and we deduce 

+ a+{\b- LoP)r" + (ic - Lo7)r < -2/3a(l - a)Xf^~^X{r<ro} 
+ {nl f)f (co + ci (/'(£, f )f )^"') + Mo + /lo + /iar" + {hi + Mi)f. 

We estimate now the superlinear term. If f < ro, we have f'{t,f)f < C, where C depends on 
ro, /3, 7, 6, c, Lq (since T' depends on Lq). Then if f < ro 

ifiif))' (co + ci {f'{t,f)ry-') < C2r^-\ 

for some C2 = C2(ro, /3, 7, 6, c, Lo, co, ci); so, for some ri < ro, we have 

(/'(*»)' (co + ci(/'(t,f)f)''-') < /3a(l - a)Af"-2 if f < n . 
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If instead r > ri , we have 

(/'(t,f))' (co + C1 {f'{i,r)ry^') < Cf'^-' 
for a possibly different constant C, hence, since q < 2, Young's inequahty imphes 

{f'{i,r)f (co + ci {f'ii,r)fY~') <\cf + K 

where K = K(a, tq, /3, 7, Lq, 6, c, cq, ci). We conclude that 

^^7^ + a + {\h- LQp)f^ + {\c - Loj)r < K + Mq + ho + /i^r" + {hi + Mi)f . 

Here one chooses c > 4(Lo7 + /ii + Mi), b > 2(Lo/3 + h^) and, lastly, a > -fC + Mq + /iq and 
the conclusion follows. The estimate is therefore proved in [0,T'] for T' = ^j^. Since Lq only 
depends on X,g,a, the argument can be iterated and yields the global estimate on [0,T]. 

(ii) Assume that g{r) £ L^{0, 1) and that Hypothesis 14.41 holds. Up to using Young's inequality, 
we can suppose that /cq, = 0; in particular, this allows us to take 6 = /3 = 0, so that (|4.32p 
implies 

+ (a + c(r + /(f)) < (7 + ct)[4 Xf"{f) + g{r){l + f'{r))] 
((7 + ct)(l + /'(f)))' (^co + ci ((7 + ci){f + fimy'^ + Mo + ho + haf'^ + {hi + Mi)r 

{2NX + v{i,x,y)) +Uip{i,x))+U^{i,y)). 
We proceed then as in Lemma r3.19l choosing, with the same notations, /(r) = 3 ( ~ ^1 '^^^ 



where G{C) = 9{T)dT. In the same way we obtain, for some constant Lq = Lo{g, A) > (cf. 
(I336]l and (ISlMjl ): 



j^^j^ + (a + c(f + /(f)) < (7 + ci)Lof + (Mo + ho + ha + hi + Mi)f 

((7 + ci){l + /'(f)))' (^co + ci ((7 + ct)(r + /'(f)f))'" 

(2iVA + X, y)) + X,((^(t, x)) + X,(v9(t, y)), 
and then, choosing T' = and since t <T' and / > 0, 

^^7^ + (a + (ic - 7Lo)^) < {Mo + /iq + /ia + /ii + Mi)f 

((7 + ct){l + /'(f )))' (^co + ci ((7 + ct)(r + /'(f)f ))'"' 

(2iVA + n{i, X, y)) + Uip{i, x)) + U^{i, y)). 

Since there exists / > such that f'{r) < I for every r > 0, we have \D'tlj{t, x — y)\ = (7 + ci)(l + 
/'(f)) < L, where L = (7 + 2l^)(l + 0- Therefore, we use Hypothesis 14.41 with such L and we 
deduce that last two terms are non-positive and can be neglected; letting also n — t- 00 we get 

^^7^ + (a + (ic - 7Lo)f) < (Mo + /iq + /i^ + /ii + Mi)f 
(7 + ci){l + ~f{f))f (co + ci ((7 + ci){r + /'(f)f))'"' 



42 A. PORRETTA AND E. PRIOLA 

If Co = ci = 0, we take a = and we obtain the same conclusion as in Lemma [3.19t with ka = 0. 
If Co or ci are positive, we observe that, being q < 2, we have 

(7 + ct)(l + /'(f)))' (^co + ci ((7 + ci){r + /'(r)f))'~') <K + ^cr 

for some constant = K{'y, c, Lq, /, cq, ci). Then we obtain 

+ (a + (ic - 7Lo)r) < (Mq + /lo + /la + /ii + Mi)f + K, 
and we conclude as before choosing a and c sufhciently large. 

(iii) Since cq = ci = 0, it follows exactly as in the proof of Lemma I3.19[ ■ 

As a consequence of Lemma [4.16l we have now conditions under which solutions have bounded 
oscillation and Theorem 14.51 can be applied. We deduce a complete regularity result. 

Theorem 4.18. Assume that h and uq have bounded oscillation in Qt and in M^, respectively. 
Let u G C{Qt) he a viscosity solution of 14-19 ) which is also 0(99) in Qt- We have the following 



statements- 

i) If Hypotheses \4A4\ andlJ^l hold, then u{t) G VFi'°°(M^), t G (0,r), and holds with a 
constant C depending on osc{uq), osc(o,t)(^); ^,g,M,q, cq, ci, Mq, Mi, T and to. 

a) If Hypotheses \4'A^ and \47^ hold, then u{t) is a-Holder continuous on MJ^ , for any a G (0, 1), 
and holds with a constant C depending on a, osc{uq), osC(^q x^^h) , X,g,M,q, cq, ci, Mq, 

Ml and T. 

Proof. Applying Lemma 14.161 we deduce that u has bounded oscillation and its oscillation is 
estimated in terms of osc{uo), osc(o,t)(^)) T besides the usual constants. Then, we apply either 
Theorem 14.51 or Proposition 14.81 to conclude the Lipschitz, respectively Holder, estimate. 

■ 

The following corollary provides a nonlinear version of Theorem 13.241 It can be applied, for 
instance, to Bellman-Isaacs type equations. 

Corollary 4.19. Assume that uq, h satisfy \3. 50\) and \3. 51\) . respectively. Assume Hypothesis 
4.141 with Co = ci = and requiring that sg{s) — )• as s — )■ 0"*". Assume also Hypothesis \4-4\ 



Let u G C {Qt) be a viscosity solution of i4-l^ such that u is o{ip) in Qt. Then u{t) G 
H^i'~(]R^), t G (0,r), and there exist c = ct(T, A,g,a) > such that, for t G (0,r), 

(4.33) \\Du{t)U<CT{^,+j-^.+ki 

+{VtKi) {ho + a/q + ha{tA + {hi + Ml) VtTa)} . 

Proof. We already know by Lemma |4. 161 that u has bounded oscillation. We follow the proof of 
Theorem 14.51 and we arrive at (|4.18|) . Then using (iii) in Lemma l4.16t we can conclude similarly 
to the proof of Theorem 13.241 h 

4.4. Local Lipschitz continuity. The approach developed so far can also provide estimates 
and regularity results concerning the local Lipschitz continuity. We give an example in the 
following theorem. 



Theorem 4.20. Assume that Hypothesis \4. 1\ holds true and in addition that, for every compact 
set S C we have 



\Fit,x,p,X)-F{t,x,q,Y)\<Cs{l + {\pr + \qn){\p-Q\ + U-y\ 

(4-34) 

x£S, p,q£R^ ,t£{0,T). 

for some constants Cs > and m < 2. 
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Let u G C{Qt) he a viscosity solution of equation with h G C{Qt)- Then u{t) E 

Wjq^°°(]R^) for every t G (0,T) and, for any hall Br{xq), there exists Mq such that 

Mo 



\\Du{t)\\Lo.^B^{xo)) ^ ^7f^' 

where Mq = {g, K q,^^, co,ci, M, xo, N, R,\\u\\^^^^^^^^3^^^j^,^^^^^-^y\\h\\^^^^^^^^^^^ 
Proof. Let us fix xq G M^, tQ > 0, S > 0, r > and consider the set 

A = G (0,r) X Br{xo) x Br{xo) : |.x-y| < 5, ^ <t < A t} 

and tlie function 

$e(i, X, y) = u{t, x) - u{t, y) - K4){x - y) - L\x - xqP - Co(i - t^f - j^^, 

wliere K, Co, L will be chosen later and ■ip{x — y) = f{\x — y\) with / as in ()3.30p . As usual, we 
claim that 

(4.35) ^,{t,x,y)<0, {t,x,y)eA, 
and, arguing by contradiction, we suppose that 

(4.36) sup$e(t,x,y) > 0. 

A 

In the sequel, in order to simplify the notation, we write ||u||oo := 11^^11 roo/^*o a, at\s,d r ^^ ^^id 

\\h\\oo ■■= ll^llicx,((M,|toAT)xB,(xo))- 

$e(t, X, y) < 2\\u\\oo - Kf{\x - y\) - L\x - xo|^ - Co{t - tof , 
then if we choose 

'''-J^' ""-^ 

we can exclude that the maximum of $e in A be attained when i = y, t = |to A T, or when 
|x — 7/1 =5 or when \x — xo\ = r. If \y — xo\ = r, then \x — xq\ > r — 5 and choosing r > 25 and 
L > we also exclude that the maximum be attained when \y — xq\ = r. 

On account of the above choices, we deduce that the maximum is attained inside A. Moreover, 
this maximum being positive, it cannot be attained when x = y. Let (t, x, y) be the point in 
which the maximum is achieved. We proceed now as in the proof of Theorem 14.11 obtaining 

+ 2Co(t - to) + F{i, X, KDij{x -y) + 2L{x - xo),X) 

(4.37) ^^~^> 

-F{i, y, KDiP{x - y), Y) < h{i, x) - h{i, y), 
where = f{\ ■ |), and where X, Y satisfy 

<K{ , ^ , ^ ^ ] +-{D^z{t,x,y)f, 
- \-D^ij{x-y) D^ix-y) ) V, 

where D^z = (^Kip{x — y) + L\x — xqP). Using (j4.9p and Hvpothesis 14.11 we have 

F{i, X, Dip{x -y),X - 2LI) - F{i, y, Dipix - y), Y) > -Atr {X - 2LI - Y) 

-Kf'i\x - y\)g{\x - y\) - {Kf^x - y\)f [cq + ci [Kf^x -y\)\x- Vd^ " ^1) 

-M-^^r?(£,x,y). 
On the other hand, since max$e > 0, we deduce that 

Kf{\x - y\) < u(t,x) - u{i,y) < 2||u||oo, 
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hence we get, since / is concave, 

Kf'i\x - y\) \x -y\ < 2||u||oo • 

Therefore we obtain 

F{i, X, D^{x -y),X- 2LI) - F(f, y, D^l:{x - y),Y) 
> -Atr {X - 2LI -Y)- Kf'{\x - y\) g{\x - y\) 

-K^ {f'i\x - y\)f [CO + ci (2||n|Ur" V(l^ - y|) - M - r,{i, x, y). 

Using the couphng argument as in the proof of Theorem 14. II we estimate tr {X — 2LI — Y) and 
we conclude that 

F{i, X, D^{x -y),X- 2LI) - F{t, y, Dij{x -y),Y) 
> -A\Kf"{\x -y\)- Kf{\x - y\)g{\x - y\) 

-K' {fi\x - y\)f [CO + ci {2\\u\Ur-'p{\x - y|) - M - ^2N\ + rj{i, x, y)) . 

Therefore we have from ()4.37p 

+ 2Co{i - to) < 4XKr{\x - y|) - Kf'{\x - y\) g{\x - y\) 

{fWx - y\)f [CO + ci (2||n||oo)'^- - y\) + M + (2iVA + r/(t, x, y)) + 2\\h\\^ 

+F{t, X, KDil:{x -y),X - 2LI) - F{t, x, KDi;{x - y) + 2L{x - xo),X) . 
Using the equation satisfied by /, we get 

+ 2Co(i - to) <-K + cxK[co + ci (2||u||oo)^~ " ^1) + M + 2\\h\\^ 
(4-38) {2NX + vii,x,y)) 

+F{i, X, KDij{x -y),X - 2LI) - F{i, x, KD%l^{x - y) + 2L{x - xo),X) . 
We fix henceforth L = Co = and K = ^^^^ for some k = K{g,X) so that 

K > -yfk^- We will later choose 6 suitably small (this implies in turn that K is sufficiently 



large) . 

The last term in (|4.38p is estimated using assumption (|4.34p with S = Br{xo)- Since 
\KD'ip{x — y)\ < C ^^"|°° , with C = C{X,g), we deduce that there exists some constant c = 
c{N, L, A, g, S) such that 

F{i, X, KD'4){x -y),X - 2LI) - F{i, x, KDip{x - y) + 2L{x - xo),X) < 



< c {(1 + (Me^ + Lr)" L(|x - xo\ + 1)} . 



Recalling that K ~ ^^^2°° , and L and |£ — xo| are only estimated in terms of r, we get 

F{t, X, KDii){x -y),X - 2LI) - F{i, x, KDtlj{x - y) + 2L{x - xo), X) < C(||n||oo, r)^:^. 
We obtain then from ()4.38p 

+ 2Co(i - io) < -K + cxK (2||u||oo)''"' - y\) + M + 2\\h\\oo 

C{\\u\Ur)Kf + '-^^ {2NX + v{i,x,y)). 

We let n — )■ 00. Then, since m < 2 and uj{0) = 0, we choose 6 small (depending also on r, \\h\ 
and ||u||oo) so that 

e . K 
— + 2Co(t - to) < 
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and we conclude taking 6 eventually smaller so that K > 2Coto (i-e-, S < C3-v/to~AT)- In this 
way we have proved (|4.35|) . which implies, if we take x = xq and t = Iq (and since Kf{\x — y\)< 
Kf'{0)\x-y\<c^^\x-y\) 

u{to, xq) - u{to, y) < c\xo - y|, \xq - y\ < 5 . 

If we take now x, y belonging to some ball Bji^xq), then we easily extend a similar estimate to 
X, y. m 

4.5. Examples and applications. In this subsection we consider examples of operators to 
which the previous results can be applied, in particular checking the Hvpotheses 14.11 and 14.41 

4.5a. Bellman-Isaacs operators. Let us consider the case of Bellman-Isaacs equations ap- 
pearing in stochastic control problems or game theory (see [KrSOj, fFSOGj, [DLOGI , jKoOQJ and 
the references therein) where, for instance, 

F{t,x, Du, D'^u) = inf sup {— tr ((/^^^(i, x)D^n) — ^^^^(t, x) • Dn — /^^^(i, x)} . 

As a preliminary assumption, we suppose that F(t, x,p, X) is finite for every {t, x) G Qt, p G 
X G Sn. For example, this is certainly true if 

inf sup {tr{qa,i3it,x)) + \ba,[s{t,x)\ + \fa,i3{t,x)\} <oo. 

We show now that Hypotheses 14.11 and 14.41 are satisfied provided that the following conditions 
hold. 

(i) qa,i3{t,x) = XI + aa,i3it,x)'^, for some A > 0, where the coefficients aa,i3{t,x) and ba,i3{t,x) 
are continuous on Qt, uniformly in a G .4 and 13 £ B, and satisfy ()3.7p . uniformly in q G 

(ii) fa^i3 are continuous and have bounded oscillation on Qt (uniformly in a and /3). 

(iii) For any (i,x) G Qt, we have 

sup sup {tr {qa,i3{t,x))} < oo, 

(iv) There exists G C^''^{Qt) such that ip — t- +oo as |x| — ?• oo (uniformly in [0,T]) and 

dtf + {— tr [qa,^{t,x)D'^(p) — ba,^{t,x) ■ Dip} > in Qt, for every a G A, (3 G B. 
To check Hvpothesis 14. H we multiply the matrix inequality (|4.3p by 

Cra,l3it,x)'^ Cra,l3it,x)aa,[s{t,y)\ 

cra,i3it,y)cra,i3it,x) cra,/3(t,y)^ J ' 

then, taking traces, we deduce 

(4.39) - TV (((7a,/3(t, x)X - q^^^it, y)Y) 

> _ATr (X-Y)- pTr {{a^^t, x) - a„,^(t, y)f) - uTt {a^pit, x) + a^f^it, y)) 

> -ATr (X-Y)- fi\\{aaAt, x) - a^A*^ y)f " ^^Tr {q^At, x) + ga,/3(t, y) - 2X1) , 
for every a £ A, f3 £ B. Therefore 

{-tr iqa,i3it, x)X) - pbaA^, x) ■ (x-y) - /«,/?(*, x)} > 

> {-tr {qa,/3{t, y)Y) - fiba,i3{t, y)- [x-y]- fa,i3{t, y)} 

-ATr {X-Y)-fi [II [a^A^, x) - a^^t^ y)f + " ^aA*^ v)) ' " v)] 

-{fa,l3{t,x) - fa,l3{t,y)) - Vr]{t,X,y) 
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where 

r]{t,x,y) = sup sup {Tr:{qa,i3{t, x)) + Tv{qa,i3{t,y))} - 2XN. 

Note that r]{t,x,y) is finite thanks to (iii). Thus we get 

{-tr (ga,/3(i, x)X) - nba,i3{t, x) ■ {x -y) - fa,[s{t, x)} > 
> {-tr {qa,i3{t, y)Y) - iiha,p{t, y) ■ {x - y) - fa,i3{t, y)} 
-ATr {X -Y) - n\x - y\g{\x - y\) - M - ur]{t, x, y), 

for every x,y G M^, \x - y\ <1, t £ (0, T). 

Taking the sup on a and the inf on /3 implies that F satisfies Hypothesis 14.11 In order to see 
that Hypothesis 14.41 is satisfied, we use (iv) which imphes 

{-tr {qa,(s{t,x){X + eD^^p) - ba,p{t,x) ■ {p + eDip) - fa,(s{t,x)} 

= {-tr (gQ,/3(t, X)X) - ba,p{t, x)-p- fa,p{t, x)} 

-e {tr {qc,p{t, x)D^ip) + ba,p{t, x) ■ Dip} 
> {-tr (ga,/3(t, x)X) - ba,i3it, x) -p- fa,l3{t, x)} - edtf 

and taking sup^ and inf^ on both sides we deduce that Hypothesis 14.41 is satisfied. 

Let us note that a sufficient condition which imphes both (iii) and (iv) (hence Hypothesis 14. 4p 
is that there exists C > such that 

(4.40) tr {q^^p{t, x)) + bo,,p{t, x)-x<C{l + \x\^), 

{t,x) € Qt, a £ a, P £ B. Indeed, in this case (iv) is satisfied with ip{t,x) = e^^{\ + |xp) for 
some suitable M > 0. 

We point out that if F consists only of sup{-} (i.e., we have a Bellman operator), then 

Lipschitz continuity of solutions of ()4.ip holds even if qa are degenerate, assuming Lipschitz 
continuity of coefficients (see [YZ99j and |BCQ10| for the joint Lipschitz continuity in (t,x)). 

4.5b. The case of nonlinear Hamiltonians. Here we consider the case when the nonlinearity 
only concerns the first order terms, namely the equation 

(4.41) dtu - tr [q{t, x)D'^u) = H{t, x, Du) + h{t, x) in Qr, 

where H is continuous on Qt x M^, q is continuous on Qt and h is continuous on Qt and has 
bounded oscillation. We also assume that 

H{t,x,0) =0. 

In general, one can reduce to this case whenever H{t, x, 0) has bounded oscillation. We assume 
the ellipticity condition ()3.2p . and we suppose that q{t,x) and H{t,x,p) satisfy: 

3 a non-negative function g G C(0, 1) such that g{s)ds < oo and 

(4.42) ^^h{t,x) - a{t,y)\\^ + {H{t,x,fi{x - y)) - H{t,y,i2{x - y)) < 

< fi\x - y\ g{\x - y\) + {fi\x - y\)'^{co + ci(/i|x - 2/|2)'?-i)w(|x - y\) + M, 

for every > 0, x,y £ such that < |x — y| < 1 and every t G (0,T), where u is some 
function such that lim^_^Q+ uj{r) = 0, g > 1, cq, ci, M > and a{t, x) = ^ q{t, x) — XI. 

Assumptions ()3.2p and (|4.42p imply that Hypothesis 14.11 holds true for the operator 

F{t, x,p, X) = -tr {q(t, x)X) - H{t, x,p) 
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Indeed, whenever X, Y satisfy (|4.3p . we deduce 

Tr{q{t,x)X -q{t,y)Y) < XTv{X -Y)+fi\\a{t,x)-a{t,y)f +u{TT{q{t,x)) +Tr{^^^^ . 

Therefore, using (|4.42p we deduce that F{t, x,p, X) satisfies Hypothesis 14.11 with r]{t,x,y) = 
(Tr(g(t, x)) +Tr(g(t, y))) — 2AA^. As far as the Lyapunov condition is concerned, in this example 
Hypothesis 14.41 reads as follows: 

For any L > 0, 3 ip = ifi £ C^''^{Qt) , eo = eo(-^^) > : 

{dt^ - TT{q{t, x)D^^) - i {H{t, x,p + eD^) - H{t, x, p)} > 
for every (t, x) G Qt, p G M^: \p\ < L + £\Dip\, and every e < Eq 
(p{t,x) — )■ +00 as |x| — )■ oo, uniformly for t G [0, T]. 

In particular, under the previous assumptions ()3.2p . (|4.42p and ()4.43p . the conclusion of Theorem 
14.51 applies to equation (|4.4ip . 

Remark 4.21. Assume that H{t,x,p) satisfies, for every {t,x) G Qt, every p, ^ G M^: 

(4.44) \H{t, x,p+o- H{t, x,p) - H{t, x,o\< i{t, + c{t, + \p\m\ 

for some non-negative functions c{t,x), 'j{t,x), with q > 0. Observe that the function c{t,x) 
accounts for the possibly superlinear growth of H{x,p) with respect to p. If we also assume that 
c{t, x) is bounded and 

3 G C^'^((5t) , ^0 > : for every (t, x) G Qt and e < eo 

(4.45) ftr {q{t, x)D^ip) + \ H{t, x, eDip) + ^{t, x) \Dip\ + io\Dip\i+^ < dtif 
I ip{t, x) — )■ +00 as l^l — )• oo, uniformly in t G (0, T), 

then condition (j4.43p is satisfied. Indeed, in this case one has 

l{H{t,x,p + eDip) - H{t,x,p)} < lH{t,x,eD^) +-f{t,x)\D^\ 
+c{t,x){\eD^\ + \p\nDip\. 

Since, for every p: \p\ < L + £\Dip\, we have 

c{t,x){\eDip\ + \p\nDip\ < e'?i^(||c||oo)|£''/'|'^+^ + f \Dip\i+^ + i^(L, ||c||oo) 
if e is small we deduce that 

^ {H{t, x,p + eD<p) - H{t, x,p)} < ^ H{t, x, eDip) + j{t, x) \Dip\ + io\Dip\'i+^ + K{L, ||c||oo) 
hence (|4.45p implies 

dt^ - Tr{q{t, x)D^ip) - J {H{t, x,p + eD^) - H{t, x,p)} > -K{L, ||c||oo) • 
Then ip := ip + K{L, ||c||oo)i satisfies (|4.43p . 

As a model case which can be dealt with, consider the following equation 

(4.46) dtu - tr {q{t, x)D'^u) - b{t, x) ■ Du + ^{t, x, Du) + c{t, x)|L»ii|«+^ = h{t, x) in Qt- 
We deduce then the following 

Corollary 4.22. Consider the equation ( |^.^6p , with q <1. Assume that q{t,x) satisfies \3.'/3fi 
and that \/ q(t, x) — XI and b{t, x) satisfy J^/. 7| ). Suppose that h has bounded oscillation and let 
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^(t, X, be a continuous function on Qt x which satisfies ^(t, 0) =0 and, for i] G 
x,y ^ M^, < |x - 2/1 < 1, t G (0, T), 

(i) \^{t,x,0-^{t,x,i])\ <-i{t,x)\i-r]\ 

{ii) \^{t,x,i)--^{t,y,i)\<g{\x-y\)\i\, 

for some continuous functions ^{t, x) on Qt and g G -L^(0, l)nC(0, 1; M4.). Assume that c{t, x) is 
bounded and continuous on Qt, uniformly continuous with respect to x (uniformly for t £ (0,T)). 
Assume in addition that 



(4.47) BipeC'^'iQT) : 



tr [q{t, x)D'^ip) + b{t, x) ■ Dip + 7(t, x)\Dip\ < dt^p in Qt, 
p(t,x) — +00 as \x\ — )• 00, uniformly for t G [0,T] 



Then the conclusion of Theorem \4-5\ holds true. 

Proof. Here we have H{t,x,p) = b{x) ■p + ^{t, x,p) + c{t,x)\p\'^ . Using (|3.7|) and the assumption 
(ii) on we immediately deduce that (j4.42p is satisfied with ci = and co being the modulus 
of uniform continuity of c{t, ■). 

Given ip satisfying (j4.47p . consider now cj) := log((/9 + t]) + Rt (with constant r] such that, 
f + V — !)• Since the assumptions on ^ imply 

^ {H{t, x,p + eDp) - H{t, x,p)] < b{t, x)-Dip + j{t, x) \Dip\ + ^c{t, x) {\p + eDip\'i+^ _ \p\q+i } 

we deduce, for e small and for every p: \p\ < L + £\D(j)\, and using that q < 1, that (p satisfies 
M - T^{q{t, x)D^4>) - 1 {H{t, x,p + eD(t>) - H{t, x,p)} 
>R+^{dt^- tr {q{t, x)D^^{x)) - b{t, x) ■ Dip - j{t, x)\Dip\) 

-K[q,\\C\\oo):^ [^^ + ^e^J H (^^+r,y^ 



A _ I q{t,x)D<p-D<p 

2 iv+v)'^ iv+Vp 



for some constant K = K{q,L,X, ||c||oo)- Since q{t,x) > XI, choosing R sufficiently large we 
deduce that ()4.43p is satisfied. Therefore Theorem 14.51 applies. h 

Remark 4.23. When H{t,x,S,) = b{t,x) • ^, then ()4.47p reduces to ()3.5p . and we recover the 
result of the linear case. In fact, whenever 'y{t, x) is also bounded, with the same argument as 
above we see that the term j{t,x)\Dip\ can also be neglected in ()4.47p . In conclusion, if both 
the coefficients ■~f{t,x) and c{t,x) are bounded, and q <1, the Lyapunov condition of the linear 
case is enough to ensure the same condition for the nonlinear equation ()4.46p . 

Remark 4.24. It could still be possible to consider the case when the function c(t,x) in (|4.46p 
is unbounded. As in Corollary 14.221 one can use (through a log-transform) the ellipticity of 
q{t,x) to control the term with c{t,x). In particular, whenever (j4.47p is satisfied for some ip: 
\Dp\ — )■ 00 as |x| — )• 00 (uniformly in t), if we have c{t,x) =0 {l{t,x)) as \x\ — )■ +00, uniformly 
in t, where l{t, x) = inf q{t, x)^ • ^, it is still possible to use the above argument to conclude. 

4.5c. A Liouville type theorem. Here we show a related Liouville type theorem which 
extends [PW061 Theorem 3.6] to the nonlinear setting. 

Let F : x x Sn — )■ M be a continuous function. We consider bounded viscosity solutions 
V G Cfe(M^) to 

(4.48) F{x,Dv,D'^v) = in R^. 
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We suppose that F verifies (cf. Hypothesis 14. there exist A > 0, non-negative functions 7]{x, y) 

and g G C((0, +oo); M+) n Li(0, 1) such that 

(4.49) 

F{x,fi{x - y),X) - F{y,fi{x -y),Y) > -Atr (X -Y) - fi\x - y\ g{\x - y\) - vi^{x,y), 



for any > 0, > 0, x,y € W , matrices X,Y ^ Sn which verify 
Theorem 4.25. Suppose that F satisfies Hypothesis \4 -41 C'lT'd condition [J^JW with g such that 

(4.50) / e-^^o9(')<^'dr = +00. 

Jo 

Then any bounded viscosity solution v G Cb(M^) of ^-4^ is constant. 

Proof. First, one checks easily that v{t, x) = v{x), t G (0, T), x G M^, is also a viscosity solution 
to the parabolic equation 

dtv + F{x,Dv,D'^v) = in Qt. 

Then as in the proof of Theorem 14.51 with the same notation, we fix to > 0. We also consider 
5 > 1 and define the open set 

A = A{to,6) = {(t,x,y) G (0,+oo) x x : \x - y\ < S , j <t< ^^o} 
and the function 

$,(t, X, y) = v{x) - v{y) - Kf(\x - y\) - s {ip{t, x) + ip{t, y)) - Co{t - ^o)^ 

where (p{t, x) is the usual Lyapunov function given in Hypothesis 14.41 corrisponding to some 
constant L > to be fixed later. Arguing by contradiction, we deduce that <I>e has a positive 
local maximum at {t,x,y) G A, provided 



= , K > 



4 ' f{6) 



where / is the solution of ()3.29p . i.e., /(r) = fs{r), r G [0,6], 

^^''^ = ^i'"'^ ^'e^^ird^, G(0 = jlg{r)dT. 
Note that f{5) = fs{6) — )■ +oo, as (5 — )• +00. We end up with 

2Co{i - to) + e {dtifii, x) + dt^{i, y)) + F{x, KD^{x - y) + e D^it, x),X) 
-F{y,KDi;{x-y)-eDip{i,y),Y)<0, 

where '(/'(O = /(I • I)- Continuing as in the proof of Theorem 14. 5t since now cq = ci = M = 0, 
we get 

2Co{i-to) < -K+'-^iix,y) + MAMAy) +i^(^^(^i,x)) +U^{i,y)). 

Now set 

^ _ [ 8\\v\\oo _^ 2||i;||oo 



to f{S) 

Since K is fixed, we use Hypothesis 14.41 with L = Kf'{0), which allows us to deduce that 
Is{(p{t,x)), Is{^p(t,y)) < 0. In this way, letting n — 00, we get a contradiction. 
As in the proof of Theorem 13.31 we obtain 

\vix) - viy)\ < Kfi\x - y\) < + ^Ms^j /(|^ _ \x - y\ < 6. 
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Using the concavity of / we find 

Hx) - v{y)\ < 1^ + ^} /'(0)|x - y\. 

Since /'(O) = ^ Jq 9is)ds^^ ^^^^ ^^^^ t > 0, any 6 > 1, and any x,y e such that 

\x -y\ < 6, 



Hx) - v{y)\ < ^ + ^ \ I r.9is)ds^r ■ \x - y\ 



<5 



Now letting t — )■ +oo, we find, for |x — y| < 5, 



(4.51) \v{x) - v{y)\ < t 1^9{s)ds^^ . |^ _ 

Let us fix any x and y G M^. For any 6 > \x — y\, we have ()4.5ip (recah that / = fs). Letting 
5 — )■ +00, by using Hopital's rule thanks to ()4.50p . we have 



lim / ^o9is)ds^^ 

fW Jo 



and so v{x) = v{y). It follows that v is constant. 



4.5d. A remark on possible existence results. Our estimates are particularly useful in 
cases in which the comparison principle is not known due to the irregularity of coefficients and 
so one can not perform the Perron's method to get existence of viscosity solutions. We recall 
(see |BBL02l Lemma 9.1]) that, under fairly general conditions on the function F, once a local 
modulus of continuity is established for the x-variable, then it is possible to deduce a local 
modulus of continuity for the i-variable. In particular, if Lipschitz continuity holds in the x- 
variable, then ^-Holder continuity holds in the t-variable. Thanks to such a result, the above 
Lipschitz, or Holder estimates which we proved imply a local uniform equi-continuity for the 
viscosity solutions, and therefore a local compactness in the uniform (space-time) topology. As 
a consequence, suppose that the function F can be approximated by a sequence F„ of functions 
satisfying Hypotheses 14.11 and 14.41 or Hypotheses 14.61 and 14.71 uniformly with respect to n and 
such that viscosity solutions u„ are known to exist for the Cauchy problem 

dtUn + Fn{t, X, Dun, D^n„,) = 0, 

with tin(O) = uon converging locally uniformly to uq. Then, if uq G Cfe(M^) (i.e. uq is continuous 
and bounded) we conclude the existence of a bounded viscosity solution u which is Lipschitz, 
or Holder, as t > 0. Similarly, we deduce the existence of a viscosity solution in case uq 
is continuous and has bounded oscillation provided the stronger Hypotheses 14.141 or 14.151 are 
satisfied. In particular, in the linear case, as well as in the case of Bellman-Isaacs equations, we 
deduce the existence of a viscosity solution by simply approximating the coefficients through a 
standard convolution regularization. 

Appendix A. Probabilistic Vs analytic approach 

Let us spend a few words in the comparison between the probabilistic proof of |PW06l Theo- 
rem 3.4] and the previous analytical proof of Theorem 13.31 For simplicity, we consider here that 
coefficients q and b are independent of time as in |PW06j , namely we consider 

N N 
i,j=l i=l 
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The probabihstic approach used to prove estimate p.ip rehes on a so-called coupling method (see 
also |LR86j . jCL89j . |Cr91j . |Cr92j ). Let us briefly explain such method. Under the assumptions 
of Theorem \3.3\ it is well known that there exist unique probability measures and P^ on 
OiV := C([0,oo);M^) which are martingale solutions for A (starting from x G and y G M'^ 
respectively; see jSV79j ). In particular, for uq : — t- M continuous and bounded, this allows 
to define the probabilistic solution to the Cauchy problem 



(A.l) 



dtu - tr {q{x)D^u) - b{x) ■ Du = 
u{0,-) = no. 



as 

n(t,x) =E^[no(xt)], t>0, 

where (xt) denotes the canonical process over Q.^ with values in M^. Note, incidentally, that 
this is a viscosity solution (see |FS06j ). Equivalently, we can also write n = PtUQ where Pt is the 
diffusion Markov semigroup associated to (jA.ip . 

A coupling for the measures P^ and P'^ is a probability measure P^'^ on Q,2n = C{[0, oo); M^^) 
such that the two marginal distributions are, respectively, P^ and P^. For any coupling P^'?^, we 
have that 

(A.2) n(t, x) - u{t, y) = [uo{xt)] - Ey [uo{xt)] = E^'y [uo{xt) - uo{yt)] , 

where E^'^ denotes the expectation with respect to P^'^ and (zt) = {{xt, yt)) denotes the canon- 
ical process over 0,2n with values in M^^. 

A Lipschitz estimate for n(t) is then obtained if we are able to estimate the last term in 
()A.2p . Introducing the coupling time Tc := inf{t > ■ xt = yt} (with the usual convention 
inf(0) = oo), this estimate can be obtained by constructing a coupling P^'*' which verifies the 
property (P^'^-a.s.): 

(A. 3) xt = yt for all t > Tc on {Tc < oo}. 

Indeed, if the coupling F'-^'^ satisfies the property ()A.3p . then we have clearly 

(A.4) E^^y [uoixt) - uoiyt)] < 2||no||ooP"'^(t < T,) , 

so that, in the end, one is left with the estimate of the first hitting time of the diagonal set 
A := {{x,y) € : x = y} for the process [{xt,yt)) starting from {x,y) A. 

It is proved in jPW06j that a coupling measure P^'^ satisfying ()A.3p can be constructed 
starting from any martingale solution for the differential operator in 

(A.5) Ac := J2 + 2cij(2;, y)dl.^y. + qijiy)dy^,y^) + ^ibi{x)d^^ + bi{y)dy^), 



where the only requirement is that Cj,- are continuous on M^'^ and the matrix 



q{x) c{x,y)\ 
^c*{x,y) q{y) ) 

is symmetric and nonnegative. Indeed, if P^'?^ is a martingale solution for Ac, then one can define 
on {Q,2N,E^'^) the process 

/ \xt, t < Tc, 
Xf = < 

[yj, t> Tc, 

and, using that the martingale problem for A is well-posed, one can prove that the process 
(xt) and {x[) have the same law. On {Q2N,^^'y) we define the process ((x^,?/j)). Its law is a 
coupling measure P^'^' satisfying also (|A.3p . Note that the martingale problem for Ac could be 
not well-posed due to the fact that Ac is possibly degenerate and has coefficients which are not 
locally Lipschitz in general. 
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Summing up, the probabilistic approach rehes on the possibihty that the Lipschitz regularity 
can be deduced in two main steps: 

(i) construction of a suitable coupling P^'^ (satisfying (jA.3p and associated to Ac); 

(ii) estimate of P^'^(t < Tc) in terms of |x — ?/|. 

In particular, if one has 

(A.6) F''^y{t<Tc)<^^\x-y\, t>0 

Vi A 1 

then (|A.2p and ()A.4p imply the desired Lipschitz estimate (jl.ip . 

At the second stage (ii), the differential operator Ac (and so the right choice of c{x, y)) play a 
crucial role, since a quite standard procedure (see e.g. |Fr75j ) to obtain estimates on the hitting 
time of the diagonal A is through the construction of suitable supersolutions W for Ac, i.e., 

dtW - Ac{W) > in (0, T) x (M^^ \ A). 

Indeed, estimate (jA.6p is proved in |PW06j after choosing c(x, y) as in (|3.22p and finding suitable 
supersolutions for the corresponding Ac- 

Remark A.l. The above approach can be also rephrased in terms of a Wasserstein distance 
between the transition probabilities p{t,x,-) and p{t,y,-), t > 0, x,y ^ M"^ (i.e., p{t,x,A) = 
F^{xt S A), for any Borel set A C M^). More precisely if, given two Borel probability measures 
jj,, V in M^, we define a distance (see e.g. |CL89j ) as 

dw{ii,v)= inf ^ / [ xiz,w)dQ{z,w) , x{z,w) = \ !^ ^ ^ ^ 

Q€n{ti,iy) J J It Z = W, 

where vr(/i, u) is the set of all couplings of ^, v on M^^, then we have, being P^''^ a coupling of 
P^ and 

E""'^ {uQ(xt) -uo{yt)) < 2\\uo\\oodw{p{t,x,-),p{t,y,-)) ■ 
Therefore from (|A.2p we get 

(A. 7) u{t,x) -u{t,y) < 2\\uq\\oo dw{p{t,x, ■),p{t,y, ■)) 

(recall that a classical result by Dobrushin says that d^ is just half of the total variation 
distance). In this framework, the Lipschitz estimate on u(t,x) is reduced to an estimate of the 
Wasserstein distance between p{t,x, •) and p{t,y, •). On the other hand, if one has constructed 
a coupling process such that the corresponding measure P^'^ over Q2N satisfies (jA.3p . then it 
follows 

dw{p{t,x,-),p{t,y,-)) <F-'y{t <Tc) 
and we end up with (jA.4p again. 

Let us now rephrase the analytic proof given in Theorem 13.31 in order to see its close cor- 
respondence with the probabilistic approach. The key point in such proof is the "maximum 
principle for semicontinuous functions" (Theorem 12. 3p which is the heart of the viscosity so- 
lutions theory. In the linear framework, this fundamental result has the following immediate 
consequence, which is interesting in its own. 

Lemma A. 2. Let u, v be respectively a viscosity sub and supersolution of iA.l\) . Then, for every 

I q{x) c{x,y)\ 

open set O C M and every NxN matrix c{x, y) (with Cij G C{0)) such that 

\c*{x,y) q{y) J 

is nonnegative, we have that u{t,x) — v{t,y) is a viscosity subsolution of 
(A.8) dtz - Ac{z) = in (0, T) x O. 
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where Ac is the operator defined in iA.5\) . 

In particular, ifu is a viscosity solution of then u{t,x) — u{t,y) is a viscosity subsolution 

Proof. For i G {0,T),{x,y) G O, and z G C^'2((0,r) x O), let {t,x,y) be a local maximum 
point of u{t,x) — v{t,y) — z{t,x,y). Applying Theorem 12.31 for every n > there exist a,b £ 

R, X,Y £ Sn such that {a,Dxz{i,x,y),X) G P x), {b,-Dyz{t,x,y),Y) G P '^v{i,y), 

a — b = dtz{t, X, y) and 

(A.9) -{n + CN\\D'^z\\)I < ^^<Dh + ^{Dhf 

where D^z is computed at {i,x,y). We proceed then as in the proof of Theorem 13.31 using the 
equations of u and v, subtracting the two and since a — b = dtz{t, x, y), we find inequality (|3.19p . 

(q{x) c{x,y)\ 
is nonnegative, multiplying 
c*{x,y) q{y) J 

()A.9p and taking traces we obtain the same as (|3.2ip . hence 

dtz{i, X, y) - tr {q{x)Dlz + q{y)Dlz - 2c(x, y)Dlyz) 

< b{x) ■D^z + b{y) -Dyz + ^ti (I '^^^^ '^(^' y) ] ^jj2^\ 2 I 
" ^ ^ ' - [[c*{x,y) q{y) )^ ^ ) 

Letting n — )• oo we obtain 

dtz{i, X, y) - Ac{z){i, x,y) <0 
and since this is true for every z and {t, x, y) being a local maximum of u{t, x) — v{t, y) — z{t, x, y), 



this means that u{t,x) — v{t,y) is a viscosity subsolution of (jA.Sp . ■ 

The previous lemma offers a nice interpretation, at least in the linear setting, to the use of 
matrix inequality (jA.Op which is usually the essential part of the doubling variable technique for 
viscosity solutions. Indeed, it suggests that manipulations of the matrix inequality (|A.9p amount 
to an optimization among all possible coupling operators. In this viewpoint, the Lipschitz 
estimate for u is reduced to the existence of "good"supersolutions for some coupling operator 
Ac- Since u{t, x) —u{t, y) is a viscosity subsolution of a family of linear problems, thanks to the 
comparison principle for viscosity sub-super solutions, we expect that u{t, x) — u{t, y) < w{t, x, y) 
for every w{t, x, y) being a supersolution of some operator Ac- This fact could be shortly 
rephrased in the following suggestive form closer to inequality ()A.7p 

u{t, x) - u{t,y) < ini mf{'ilj{t,x,y), : dt^J - Ac{ip) > }■ 

Thus, in the analytic approach the oscillation of u can be estimated by choosing the best among 
all possible supersolutions of such family of operators. Let us make it more precise as follows. 

Lemma A. 3. Assume \3. 3|) and let u G C{Qt) he a solution of \3. 1]) such that u{t,x) = 
o{ip) as \x\ —7- oo. Assume that there exist some matrix c{x,y) G C(M^^ \ A;]R^^) such that 

(q{x) c(x, y)\ 
is nonnegative, and a nonnegative function ip G C ' ((0,T) x (M \ A)) 
c*{x,y) q{y) J 

such that 

9tV - -^citp) > in (0, T) X {R?^ \ A). 
//, for some r G [0,T), we have ip{T,x,y) > u{t,x) —u{T,y), then 

u{t,x) -u{t,y) <Tp{t,x,y), t £ [t,T)- 
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Proof. Replacing u(t,x) with u^(t,x) = u(t,x) — eip{t,x) and u{t,y) with u^{t,y) = u{t,y) + 
eip{t,y) we have that u'^{t,x) — u^(t,y) is still a subsolution, and goes to — oo when |x| — )• oo or 
\y\ — )• oo, uniformly for t £ (0,T). Consider the function = u^(t,x) — u^{t,y) — {ijj{t,x,y) + 
jrrt)- Assume by contradiction that sup[^^^)xR2]v $e > 0. Since — )■ — oo at infinity as t — )■ T 
too, has a maximum at some point (t, x, y). Since u^{t, x) — u^{t, y) < < ^/^ on A, it cannot 
be X = y, and since u^{t, x) — u^{t, y) < ip{T, x, y) by assumption, we have t G (r, T). Therefore 
(t, £, y) is a local maximum with (x, y) lying in \ A and by Lemma I A. 21 we deduce that 

+ - A(V') < 

which gives a contradiction since tjj is a, supersolution. This proves that sup <!>£ < 0, i.e., 
x) — y) < V'C*) 3;, y) + 7|=^. Letting e — we conclude. ■ 

The above approach represents actually a sort of analytic translation of the probabilistic 
coupling method. Indeed, if Lemma lA. 21 gives an analytic counterpart of the ()A.7p . Lemma lA. 31 
gives the way for the estimate related to (ii). Indeed, one might expect, roughly speaking, that 
z{t,x,y) = 2|| 

^^0 ||ooIP^'^(i < be a supersolution to the Cauchy parabolic problem involving 
Ac and having uo{x) — uo{y) as initial datum at t = 0, with the additional property of being 
"minimal" in the sense that z{t,x,x) = 0, in other words that P^'^(t < Tc) solves a Cauchy- 
Dirichlet parabolic problem for Ac with values 1 at t = and at A. On the other hand, 
instead of checking this property on P^'^(t < Tc), it is enough to build a supersolution tp with 
the desired features. Observe actually that the analytic proof of Theorem 13.31 basically follows 
from the previous lemmas up to showing that 

il^{t,x,y) = K f{\x - y\) + Co{t - tof 

is a supersolution in (y,T) for the coupling c{x,y) given in ()3.22p . for a suitable choice of K, 
Co and / satisfying (|3.29|) . This is indeed the computational part given in the proof of Theorem 
13.31 in Section 3. 

To conclude this discussion, we have tried to underline the close analogy between the proba- 
bilistic and analytic approach, though expressed through different concepts and tools. We stress 
however some advantage of the approach through viscosity solutions: it only relies on maximum 
principle, which is a pointwise device, and it admits natural extensions to nonlinear operators 
as we have showed in Section 4. 
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